IRREDUCIBLE REPRESENTATIONS OF g-SCHUR 
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Abstract. Under the assumption that the quantum parameter q is an Ith primitive 
root of unity with I odd in a field F of characteristic and ra + n > r, we obtained a 
i complete classification of irreducible modules of the g-Schur superalgebra 1 Si?(™|?T-, r) 

£NJ \ introduced in [IT] . 
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1. Introduction 

The investigation on Schur superalgebras and their quantum analogue has achieved 
significant progress in the last decade; see, e.g., (21 El El EIS1 [HI ED]- This includes 
an establishment of a super analogue of the Schur-Weyl reciprocity by Mitsuhashi, 
a Kazhdan-Lusztig type cell approach to the representation theory of g-Schur su- 
peralgebras by Rui and the first author, and, recently, a presentation of g-Schur 
superalgebras by Turkey and Kujawa. As part of a super version of the quantum 
Schur-Weyl theory, these developments are all in the generic case where the quantum 
\Q ■ parameter is generic or not a root of unity. 

This paper attempts to investigate the structure and representations of g-Schur su- 
peralgebra at a root of unity. As is seen from [11] and (20] , g-Schur superalgebras share 
many of the properties of g-Schur algebras. For example, both have several definitions 
in terms of Hecke algebras via (super) g-permutation modules, quantum enveloping 
algebras via tensor (super) spaces, and quantum coordinate (super) algebras via the 
dual of homogenous components; both have integral versions and the base change 
property; both have Drinfeld-Jimbo type presentations; etc. However, the structure 
of g-Schur superalgebras is fundamentally different. For example, no quasihereditary 
structure or cellular structure is seen naturally. Thus, classifying irreducible mod- 
ules requires an approach that is different from the usual quasihereditary or cellular 
approach. 

In this paper, we will generalise the approach used in (H [10] for g-Schur alge- 
bras to g-Schur superalgebras. This approach was developed as a g-deformation of 
the modular permutation representation theory established by L. Scott in 1973 [19] . 
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One important feature of this approach is that the resulting classification of irre- 
ducible representations is analogous to Alperin's weight conjecture |T] for modular 
representations of a finite group. More precisely, we consider a g-analogue of an 
endomorphism algebra of a signed permutation module instead of a group algebra, 
consider /-parabolic subgroups instead of p-subgroups, and consider representations 
of a quotient algebra defined by an /-parabolic subgroup as "local" representations. 
Thus, the isomorphism types of irreducible modules are determined by an /-parabolic 
subgroup P together with a projective indecomposable module of the quotient algebra 
associated with P. 

The main ingredients in this approach are the notion of relative norms for repre- 
sentations of Hecke algebras of type A, which was introduced by P. Hoefsmit and 
L. Scott in 1977, and its corresponding properties which include transitivity, Mackey 
decomposition, Frobenius reciprocity, Nakayama relation, Higman criterion; see [14"] . 

By describing a basis for a g-Schur superalgebra in relative norms, we will attach 
a defect group, which is an /-parabolic subgroup, to a basis element and introduce a 
filtration of ideals in terms of defect groups. Thus, every primitive idempotent e lies 
in a minimal ideal in the sequence. We then attach to e a defect group D(e). This 
defect group is the vertex of the corresponding indecomposable module for the Hecke 
algebra. If D(e) is trivial, then the indecomposable module is projective. Hence, it is 
determined by an /-regular partition. If D(e) is nontrivial, then the image of e in the 
quotient algebra by the ideal right below e has the trivial defect group. Thus, once 
we show that the quotient algebra is again an endomorphism algebra part of which is 
again a g-Schur superalgebra, we may determine all primitive idempotents with the 
trivial defect group in the quotient algebra. In this way, we completely determine 
the isomorphism types of irreducible modules for a g-Schur superalgebras «Si?(m|n, r) 
with m + n > r by the index set V r (Theorem lll.2p . 

We point out that classification of irreducible supermodules for Schur superalgebras 
was first completed by Donkin [7] under the condition m,n > r. Brundan and Kujawa 
extended the result to arbitrary m,n,r Q3J Th. 6.5]) in their beautiful paper for 
a proof of the Mullineux conjecture. Their approach is quite different from ours, 
involving a certain category equivalence, Mullineux conjugation function, a process 
of removing nodes from p-rims of a partition, and a couple of other relevant functions. 
See Appendix II for more details, where we will also make a comparison between the 
two classification index sets A ++ (m|n, r) and V r when m + n > r and / = p. 

Like Alperin's weight conjecture, our approach is not constructive for irreducible 
modules. However, it indicates a certain tensor product structure. We plan to ad- 
dress this issue in a different paper; see Remark 111.41 One possible approach is to 
quantise the work of Brundan-Kujawa. However, it would be interesting to find an 
explicit construction compatible with the index set V r . We also point out that we 
only consider the g-Schur superalgebra as an algebra and representations as algebra 
representation in this paper. 
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The contents of the paper are organised as follows: 

(1) Introduction 

(2) Quantum Schur super algebras 

(3) Relative norms: the first properties 

(4) Some vanishing properties of relative norms on Vji(m\n)® r 

(5) Bases for <Sr(to|ti, r) in relative norms 

(6) A filtration of ideals of Sn{m\n, r) 

(7) Alternative characterisation of the ideals Ip(P,r) 

(8) Quantum matrix superalgebras 

(9) Frobenius morphism and Brauer homomorphisms 

(10) Shrinking defect groups via Brauer homomorphisms 

(11) Classification of irreducible SF(m\n, r)-modules 

(12) Appendix I: Brauer homomorphisms without Frobenius 

(13) Appendix II: A comparison with the classification of Brundan-Kujawa 

Throughout the paper, let Z = Z[v, v^ 1 ] be the Laurent polynomial ring in inde- 
terminate v and let R be a domain which is a Z-module via a ring homomorphism 
Z — > R. We further assume that the image q of v in R is a primitive /th root of 1 
with / odd. We will always assume the characteristic char(i?) ^ 2. From §7 onwards, 
R = F is a field of characteristic 0. For a, b G N with a < b, we often write 

[a, b] = {a, a + 1, . . . , b}. 

2. Quantum Schur superalgebras 

We first recall the definitions of g-Schur superalgebras in terms of signed g-permutation 
modules and tensor superspaces. 

Let (W, S) be the symmetric group on r letters where W = & r = ©{i, 2 ,...,r} and 
S = {sk | 1 < k < r} is the set of basic transpositions s& = (k, k + 1), and let 
£ : W — > N be the length function with respect to S. 

An n-tuple A = (Ai, A 2 , • • • , A n ) G N n is called a composition of r into n parts if 

|A| := \i = r. A composition A of r is called a partition of r if Ai > A 2 > Let 

A(n, r) C N n be the set of all compositions of r into n parts and let A + (n, r) be the 
subset of partitions in A(n, r). In particular, let A + (r) = A + (r, r) be the set of all 
partitions of r. We sometimes use the notation A |= r or A h r for a composition or 
partition of r. 

The parabolic (or the standard Young) subgroup W\ of W associated with a com- 
position A consists of the permutations of {1,2,--- , r} which leave invariant the 
following sets of integers 

{1, 2, • • • , Ai}, {Ai + 1, A : + 2, • • • , Ai + A 2 }, {Ai + A 2 + 1, X ± + A 2 + 2, •••},••• . 

We will frequently use the following notation: if W is a subgroup of W and is 
another parabolic subgroup, the notation =w W\ means W£ := x^W^x = W\ 
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for some x G W, while the notation <w W means that a parabolic conjugate of 
is a subgroup of W, i.e.,W* < W and is also parabolic for some x G W. 
We will also denote by V x := T> Wx the set of all distinguished (or shortest) coset 
representatives of the right cosets of W x in W. Let V Xp = T> x fl P" 1 . Then £> Am 
is the set of distinguished W x -W p coset representatives. For d G £>a^, the subgroup 
W x fl = d~ l W\d fl is a parabolic subgroup associated with a composition 
which is denoted by \d fl /i. In other words, we define 

w XdnfM = w*nw,. (2.0.1) 

We will often regard a pair (A^A^) G A(m,ri) x A(n, r 2 ) of compositions of m 
parts and n parts as a composition A of m + n parts and write 

A = (A(°)|A«) = (Af),Af,...,AW|A«,A«,...,AW) 

to indicate the "even" and "odd" parts of A. Let 

A(m\n,r) = {A = (A (0) |A (1) ) | A G A(m + n,r)} 

= [J (A(m,ri)xA(n,r 2 )) 

ri+r 2 =r 

By identifying A(m|n, r) with A(m + n, r), the notations W x , V x , V Xp , etc., are all 
well defined for all X, p G A(ra|n, r). 

Notation 2.1. For p = (pi,p2, ■ ■ ■ , Pt) \= r, we will sometimes write the parabolic 
subgroups 

W P = W P1 x W P2 x • • • x W pt 

where = &{i,..., pi y, W P2 = 6{ Pl +i,..., Pl +p 2 }, and so on. For \i),p(i) \= Pi, the 
notation V X{i)Pi{i) , etc., are defined relative to W^. In particular, for A = (A^A^) G 
A(m|n, r), we make the following notational convention: 

W x = W m W xW = W m x W xW , (2.1.1) 

where W A (o) < 6{i,2,...,m} an d WaW — ®{m+i,...,m+ra} are the even and odd parts of 
W x , respectively. 

Lemma 2.2. For A = (A (0) | A (1) ), p = (p (0) | p (1) ) G A(m|n, r), d G P A , and d' G £> M 
fe< W AdrW := W* n and W^ n/id , = W* (i) fl W*, /or a// i, j G {0, 1}. Then 

WW = x x x H^V- 

Moreover, if s G 5 fl W^n^d'; s £ ^xdn^d' f or some hj £ {0, 1}- In particular, 
any parabolic subgroup W v of Wxannd' a product of parabolic subgroups W v ij = 

W v r\WZ nfld , with i,je {0,1}. 

Proof. The assertion about direct product is clear. For s G S, if s G W x , then 
s = d~ l s'd or ds = s'd for some s' G W x . Thus, l+£(d) < £(s')+£(d) = i{ds) < l+£(d) 
forces l(s') = 1. Hence, s' e S and s' G W A (o) or s' G W A (i) and so, s G or 
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s G W^i)- Similarly, one proves that s G W\ 0) or s G W d w . Hence, s G W Xdrifjldl for 
some i,j G {0, 1}. The rest of the proof is clear. □ 

For d G Vx^, W\dn^ itself is a parabolic subgroup which is decomposed into para- 
bolic subgroups 

W Xdn , = W° x ° dnil x Wjj^ x WjS^ x Wl^. (2.2.1) 
In this case, the composition v = Xd fl \i has the form v = . . . , i> m+n ) with 
u l G A(m + n, fii). 

We say that d satisfies the even- odd trivial intersection property if VK^ n = 1 = 
W \dnv For A >^ G A(m|n,r), let 

^ = e | wj m n W> = l, W d m n W> = l}. (2.2.2) 

This set is the super version of the usual r D\ il . For d G X> A , if we put W v (o) = 
W d m n W^,W uW = W d w n = (^V 1 )), then = W„ (0) x We 

have, in general, v G A(m / |n / , r) where m' = m(m + n) and n' = n(m + n). 

The Hecke algebra %r = Hr(W) corresponding to W = & r is a free i?-module 
with basis {T w ; w G and the multiplication is defined by the rules: for s G S, 

T W T S ={, .rr , h ■ ( 2 - 2 -3) 

[{Q-Q )Tu> + T ws , otherwise. 

Note that {T w = q e ^T w } w ^w is the usual defining basis satisfying relations 

, T ws , if £(ws) > £(w); 

T W T S = < , 2 2 (2.2.4) 

(q - 1)T W + g T ws , otherwise. 

If W is a parabolic subgroup of W, then the .R-module J2wgw is a subalgebra 
of which is called a parabolic subalgebra of denoted by %w'- We will use the 
abbreviation %\ instead of Hw x - 

Let W be a parabolic subgroup of W and let dw 1 denote the Poincare polynomial 
of W, i.e., 



c?w' = dw>(u) = w 

In particular, the Pioncare polynomial of W has the form dw = {rf '■= [1][2] ■ • • [r], 
where [i + 1] = 1 + u + it 2 + ■ ■ • + u % . For later use in §9 define, for < t < s, the 
Gaussian polynomials by 



t 



s 



[*]'[*-*]'' 

Thus, dw(q 2 ) — = p],a if r > Z, where g is a primitive Zth root of 1 with Z odd. 
For A = (A (0) | A (1) ) G A(m|n,r), define (see (j2TTT]l ) 

x A( o)= £ r MJ y A( i)= £ (-g 2 )-^T w , 



where T„ = q e( - w ^T w . We call the module x^y^m'HR a signed q-permutation module 
(cf. 0). 
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Definition 2.3. Let < X R (m\n,r) = X eA(m\n,r) x \<s»V\V)'H-R- Tne algebra 

S R (m\n,r) := End nR (Z R (m\n, r)) 

is called a q-Schur superalgebra over R on which the Z 2 -graded structure is induced 
from the Z 2 -graded structure on l X R (m\n,r) with 

1 R (m\n,r)i = (J) x X (o)y X {i)H R (i = 0, 1). 

\£A(m\n,r) 
lAt 1 ) |=i(mod2) 

If R = Z := Z[i;,i; _1 ], we simply write S(m\n,r), %(m\n,r), etc. for Sz{m\n,r), 
% z (m\n, r), etc. 

Note that it is proved in [11] that S R (m\n,r) = S(m\n,r) ®% R- 
Following [TT], define, for X, /i G A(m|n, r) and d G 

^V A dw„ := ^ (-q 2 r e{wi) X\(o)y X (i)T d T Wo T Wl . 

woviieWpHPu, 

There exists "H^-homomorphism ip x such that 

{ x a(°)y a wh)ip^ x = 5^ a T WxdWii h,Va G A(m\n,r),h G H R . 

Note that we changed the left hand notation used in [HI (5.7.1)] to the right 
hand notation ip* A here for notational simplicity later onJ3 

The following result is given in [TT| 5.8]. We will provide a different proof below in 
§5 by using relative norms. 

Lemma 2.4. The set {ip^ | A, /x G A(m|n, r),d G forms a R-basis for S R {m\n,r). 

Remark 2.5. For m < m' and n < n', we may embed A(m\n,r) into A(m'|n',r) 
by adding zeros at the end of each of the two sequences \^ and A^ for every A G 
A(m\n,r). Let e = J2\eA{m\n r ) V'aa- Then 5(m|n, r) = e5(m / |n / , r)e. Thus, we 
simply regard <S(m|n, r) as a centralizer subalgebra of S(m'\n',r). 

Proposition 2.6 ([HI 7.5,8.1]). Let R = Q(v). 

(1) The non-isomorphic irreducible S R (m\n,r) -modules are indexed by the set 

A + (r) m ,„ = {(Ai, A 2 , . . .) G A + (r) | X m+1 < n}. 

(2) Assume m + n > r. The S R (m\n,r)-T-L R bimodule structure % R (m\n,r) satisfies 
the following double centralizer property 

S R (m\n,r) = End nR (1 R (m\n,r)) and Tin = End lSfl(m | nir )(T jR (m|n, r)). 

Moreover, there is a category equivalence 

Hom Wfl (- , % R (m\n, r)) : Mod-T-L R — > S R (m\n, r)-Mod. 

^n this paper, for the Horn spaces Hom« A (M, iV) of right %A-modules M, N, the right hand 
function notation will be used to easily read the induced bimodule structure on the space: 
(m)(xfy) = {{m.x)f).y with x,y £H x ,m£ M, and / € Eom Rx (M, N). 
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We now describe Sn(m\n,r) in terms of tensor superspaces. 

Let Vn(m\n) be a free -R-module of rank m + n with basis t>i,t> 2 , • • • ,v m+n . The 
parity map, by setting z = 0ifl<i<m, and i — 1 otherwise, gives Vn(m|n) a 
Z 2 -graded structure: VR(m|n) = V © Vi, where Vo is spanned by t>i, ■ • • , v m , and Vi 
is spanned by v m+ i, ■ ■ ■ ,v m+n . Thus, Vu{m\n) becomes a "superspace" . 

Let 

I(m\n, r) — {i — (ii, i%, ■ ■ ■ , i r ) G N r | 1 < ij < m + n, Vj}. 
For each A = \ X^) G A(m\n, r), define i\ G I(m\n,r) by 

i\ — ( 1, . . . , 1, . . . , m, . . . , m , m + 1, . . . , m + 1 . . . , m + n, . . . , m + n ). 

X (0) ,(0) ,(1) .(1) 

Aj A m Aj A n 

For convenience, denote t>A : = ^i A - 

The symmetric group = & r acts on J(m|n, r) by place permutation. For w G 
W,i E I(m\n, r) 

iw = (i w (i), i w (2), ■ ■ ■ , « M (r))- 

For each i G J(m|n,r), define A G A(m|n,r) to be the weight wt(i) of ^ be setting 
h = | ij = k, 1 < j < r}, A (0) = (Ai, A 2 , • • • , A m ), A (1) = (A m+ i, A m+2 , • • • , A m+n ). 
For i = (ii, i 2 , • • • , v) G J(m|n, r), let 

Vi = v h ®v i2 ® ■ ■ ■ ® v ir = v h v i2 ■ ■ ■ v ir . 

Clearly, the set {t>i}ie/(m|n,r) form a basis of VR(m\n)® r . 

Following [16], Vn(m\n, r)® r is a right "H^-module with the following action: 

(-l) ikik+1 Vi Sk , if i k <i k+1 ; 

qvi, if i k = ik+i <m; foetid 

(-? M, if = ik+i > m + 1; 

k + (g - g -1 H, if 4 > W 

where s k — (k, k + 1). 

Note that when n = 0, this action coincides with the action on the usual tensor 
space as given in [H (14.6.4)], commuting with the action of quantum gl n . 

Definition 2.7. For A G A(m\n, r),d G T>\, if = (ii, i 2 , • • • , v), define 

(M) A = E E ™- 

fc=l k<l,ifz>ii 

When A is clear from the context, we write d = (A, d) A . 

The following relation will be repeatedly used in the sequel. 

(-lfy-lf*** 1 = (-l) 3 ^ for all d G V x , s k G S with ds k G V x . (2.7.1) 



x \(°) y\wTd% 



8 JIE DU, HAIXIA GU AND JIANPAN WANG 

Lemma 2.8 ([HJ 8.3, 8.4]). The right l-i R -module V R (m\n)® r is isomorphic to the 
Hit-module % R (m\n, r) defined in Definition \2.3\ under the map: 

f :V R (m\n)® r — > (J) x xm y xW n R , (-l) d v ixd i — > x x( o)y xW T d . 

AeA(m|n,r) 

This isomorphism induces a superalgebra isomorphism 

S R (m\n,r) = End HR (V R (m\n)® r ) , 

sending g G S R (m\n,r) to fgf' 1 for all g G S R (m\n,r) . 

Proof. The action on a signed g-permutation module is given by 

x X ( )y X (i)T dSk , if ds k G V x ; 

qx X ( )y X (i)T d , if ds k = Sid, s t G W xW ; 

-g _1 x A( o)y A (i)7^, if ds k = Sid, s t G W xW ; 

K X X (o)y x wTd Sk + (q - q^x^y^Td, if ds k < d. 

- (2 ' 8 - 1} 
Now, the relation (— l)* fcifc+1 = (— l) dSfc implies that / is a right "H^-module 

homomorphism. □ 
From now on, we will identify S R (m\n,r) with Endu R {V R (m\n)® r ). 

3. Relative norms: the first properties 

In 1977, P. Hoefsmit and L. Scott introduced the notion of relative norms, which 
is the g-analogue of relative traces in group representations (see, e.g., [15]) and use it 
to investigate the representation theory of Hecke algebras. The following material is 
taken from their unpublished manuscript. A proof can now be found in |14j . 

Definition 3.1. (1) Let A,/x be the compositions of r such that W\ < W^. Let M 
be an "H^-T^-bimodule and b G M. Define the relative norm 

u>ez> A nw M 

(2) For an ^A-'^A-bimodule M, we define 

Z M (Hx) = {m G M | hm = mh,Vh G H x }. 

It is easy to see that Z Hx {l-i x ) is the center of 7i x and, for M = B.om R (N, N) 
where N is a right "HA-module, Zm(7~L\) = Hom^ A (iV, N). In particular, if M = 
End R (V R (m\n)® r ), then Z M {U R ) = S R (m\n,r). 

We first list some properties of relative norms. 

Lemma 3.2. Let M be an 'H R -'H R -bimodule and let W x and be parabolic subgroups 
ofW. 

(a) (Transitivity) IfW^ < W x and b G M, then 

N w ,w,(N w „w x (b)) = N w , Wx (b). 
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(b) N w>Wx {Z M (U x ))QZ M {U R ). 

Next, we list the g-analogues of four useful results known as Mackey decompsition, 
Frobenius reciprocity, Nakayama relation, and Higman criterion for relative projec- 
tivity. See [15] or [12] for their classical version for groups. 

Lemma 3.3 (Mackey decomposition). If N is an T-Ln-'Hx-bimodule, then 

(N H R )\u> = (N ®u, %) ®n u 
dev Xfl 

where v is defined by W v = W x D for all d G T>\^. In particular, if M is an 
T-LR-HR-bimodule and b G Z M {Ky), then 

N W ,wM = Yl N W^ d nS r <l- lhT d)- 

deT> Xli 

The Frobenius reciprocity simply follows from the fact that induction is a left 
adjoint functor to restriction. 

Lemma 3.4 (Frobenius reciprocity). Let M by an H,R-module and N be an H^- 
module. Then there is an R-module isomorphism 

if : Hom% M (N , M\ Hfl ) ^ Hom HR (N U R) M). 

In particular, for A,/i G A(m\n,r) and tensors v u = Vi u G Vn(m\n)® r (v = A or fi), 
the R-module isomorphism 

Lp : Rom-H^Rv^vxHR) — > Hom Wil (v M 7f fl , v\Hr) 

induced from the Frobenius reciprocity is the restriction of the relative norm map 

Nw,w^oui Hti {Rv^v x H R )) = H.am HR (v li 'HR,VxH R ). 

The proof of the last assertion is almost identical to that in 0, Lem. 2.5] and is 
omitted. 

Lemma 3.5 (Nakayama relation). Let M be an T-Ln-l-LR-bimodule. If N is an Hr- 
l-l\-submodule of M such that M = N (g)^ T-Lr. Then 

Zm{Hr) = Nw,W\(Zn[H\))- 

Moreover, if = for some d G Vx^, then there exists an r H.R-'K ili -submodule 
N' = N ® Wa T d of M such that 

Nw,Wx(Zn(H\)) = N W)Wti (Z N i(T-i^)). 

If X is an "H R -module, Y is an % A -module, 

M = Hom R (X,Y® Hx 'H R ), and N = Hom(X-^ A , Y), 

then the usual Nakayama relation (see, e.g., [6j 2.6]) now becomes 

N w>Wx (Hom Hx (X\ Hx ,Y)) = Kom HR (X,Y ® nx H R ). 
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Definition 3.6. A right "H^-module M is projective relative to Hx or simply Tix- 
projective if for every pair of right %#-modules M', M" the exact sequence 

-»■ M' -»■ M" — >• M — >■ 

split provided it is a split exact sequence as "HA-modules. 

In the following result, the notation X | K means that X is isomorphic to a direct 
summand of Y . 

Lemma 3.7 (Higman criterion). Let M be a right Hn-module. Then the following 
are equivalent: 

(a) M is 7i\-projective; 

(b) M | M ® Hx n R ; 

(c) M | U ®u x Hr f or some right H\-module U; 

(d) N w>Wx (Hom Ux (M,M))=nom Ua (M,M). 

Let M be a finitely generated indecomposable right "H^-module. Then by [HI 
3.35], there exists a parabolic subgroup W\ of unique up to conjugation such that 
M is ^-projective and such that W\ is ^-conjugate to a parabolic subgroup of any 
parabolic subgroup of W for which M is H^-projective. We call W\ a vertex of 
M which is unique up to conjugation. 

This notion is a generalisation of the vertex theory in the representation theory of 
finite groups. Motivated from the fact that a vertex must be a p-subgroup, we need 
the notion of /-parabolic subgroups. Let I be a positive odd number and I < r. A 
parabolic subgroup W\ is called l-parabolic if all parts of A are 0, 1, or I. 

Write r = si + t with < t < I and let P( r ) be the parabolic subgroup of W — & r 
associated with the composition (I s , 1*). This is called in [8] 'the' maximal /-parabolic 
subgroup of W. For any composition A = (Ai , . . . , A a ) of r, let the maximal /-parabolic 
subgroup of W\ be the parabolic subgroupj 

P A = P (Al) x...xP (AJ . (3.7.1) 

A maximal /-parabolic subgroup of W\ is a parabolic subgroup P of W\ such that 
P =w x P\ (meaning P x := x^Px = P\ for some x € W\). 

Let = <&i(u) denote the /th cyclotomic polynomial. The Pioncare polynomial of 
an /-parabolic subgroup W\ has the form dw x = (di) s , where s is the number of parts 
/ in A and 

i-i 

d l = Y[(l + u + u 2 + --- + u z ). 

8=1 

Here are a few simple facts. 



2 The ^-parabolic subgroups play a role similar to p-subgroups in group representation theory. So 
the notation P for an Z-parabolic subgroup indicates this similarity 
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Lemma 3.8 ([8j 1.1,1.2]). Let A be a composition of r and x G W. Then 

(a) IfW% is parabolic, then dw x = dw x , 

(b) ^\{d w Jd Px ). 

(c) Let W\, Wfj,, We be parabolic subgroups of W such that 



W 9 <W*,W,<W; 



where W^,W% are parabolic andx,y G W . Assume dp g ^ dp x . Then | (dw x / dw g ) ■ 

The following result is a g-analogue of the fact for group representations that a 
vertex must be a p-group and will be repeatedly used later on. 

Lemma 3.9 ( [TUl Th. 3.1]). Let F be a field of characteristic in which q is a 
primitive Ith root of 1 (with I odd). If M is an indecomposable l-ip-module, then the 
vertex of M is an l-parabolic subgroup., 

We will describe the vertices of indecomposable direct summand of the 1-ip- module 
Vp{m\n)® r in §10 in terms of the defect group of the corresponding primitive idem- 
potent and apply this to classify all simple iSi?(m|n, r)-modules when m + n > r. 

4. Some vanishing properties of relative norms on V R (m\n)® r 

As seen from the remarks right after Definition 13.11 the g-Schur superalgebra 
Sp(m\n,r) = Z m ((Hr) where M = End R{Vji(m\n)® r ') . Thus, by Lemma l3~2T b). 
we can construct elements in Sp(m\n, r) by applying relative norms to the matrix 
units in M. We first show in this section that some of these elements are simply the 
transformation. We will construct a basis from this type of elements in the next 
section. 

For i,j G I(m\n, r), we define e^j G End^(VR(m|n)® r ) to be the linear map 



If = i\d) with d G Vx^, we use the abbreviation e^xd instead of ti^^d- The 
following result is obvious from the definition, but will be useful later on. 

Lemma 4.1. Forb G VR(m\n)® r = ®xeA(m\n,r) v >^R' */ ^ e projection ofb on v^Hr 
is for some jj, G A(m\n, r), then (b)Nw tWxdn (f) = for all A G A(m\n, r), d G X^ , 
and f G Hom^ Adnfi (w ^Hr, vxHr), extended (by sending other v u 7-Lr to for allv ^ ji) 
to an element in End^ Adn ^(V R (m|n)® r ') . Moreover, N WtW ^(e^) is the identity map 
on v^Hr and elsewhere. 

Proof. By (12.6.11) . v{H.r = span{w^ | w G W} for any i G I(m\n, r). Hence, if the 
projection of b on v^Hr is 0, then (b)Nw,w Xdnil (f) = 0. 




(4.0.1) 
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Note that if x G X> M and x ^ 1, then x~ l ^ W^. Hence 

(^) Ar H/,H/ fl (e 

«>ex> M nw M 

Hence, %,if„(e w ) is the identity on v^Hr. By the proof above, it is elsewhere. □ 

The place permutation action of W on I(m\n, r) induces an action on I(m\n, r) 2 : 
( i, j)w = (iw, jw) for all i, j G I(m\n, r) and w G W. Clearly, if i = i x d and j = i^d' 
for some d G T>\ and d' EV^, then 

StaM*, j) :={weiy (i, j)w = = w* n w*. 

The following result is a super version of [5J Lem. 2.2]. 

Lemma 4.2. Let i = i\d and j = i^d', where d G T> x and d! G and let s G 

W Xdn d , PI 5, where i,j G {0, 1}. TTien = e^T^ 0^2/ «/ = (0,0) or 

(1,1)- 

Proof. Suppose s = (a, a + 1). Since is = i and jfs = j, by the definition of the action 
f )2.6.ip . (fi')^ e i,i 7^ if and only if i' = i or i' = is, or equivalently, i' = i. Now, 
write s = d~ x s'd or d'-Vd' for some s' G W\ fl S 1 or s" G H 7 "^ fl S. If (z, j) = (0, 0), 
then s' G W X ( ) , s" G W^o) , and 

{vi)T s eij = (-l) d v ix T d T s ei :j = (-l) d v ix T s 'T d e i:j = qvj = VjT s = {vi)e id T s . 
Similarly, if = (1, 1), then s' G W X (i), s" G W„(i), and 

(vi)T s eij = {-q~ l )vj = Vj% = (vi)e i:j %. 
However, if = (0, 1), then s' G W X ( ), s" G W^v, and 

(vi)T s e itj = qvj and [v^)e^ff s = -q^vj. 
Hence, T s eij ^ eijT s . The proof for the (1,0) case is similar. □ 

Corollary 4.3. Let A, fi G A(m\n, r),de V Xfl , and W u = W x DW^. 

(1) If d G ^A/i? ^ en e M,Arf End-^^(VR(m|n) lX,r ). In particular, we have 

N w>w „{e^ M ) G End Wfl (V^(m|n,r)® r ). 

(2) If d E V Xfl \ V° XfV then &flM <£ End Hv {V R {m\n)® r ) . 

Proof, lid G X>^, we have W x nW fl = W v = W u(0) x W uW where W„ (0) = WjJ 0) n 
W^o) , Wj,(i) = W^ (1) nWjjii) . By the lemma above, for w = u>oWi G H 7 ^ with t«j G W^co , 

{Vfj,T w )e^ X d = q t{wo \-q- V ) t{wi \v,)e, M 
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Hence, T w e^\ d = e^ M T w , proving e^xd G End n „{V R (m\n)® r ) . The last assertion in 
(1) follows from Lemma [3.2( b). 

If d G V\n\D\ , by definition of V\ , we have 

w d m n w> ± 1 or w* m n w> ^ 1. 

Hence, by the lemma above, there exists s G W v such that %eij ^ eij%. □ 

The following vanishing property is somewhat surprising. Recall the notation in- 
troduced in (Ennji . 

Theorem 4.4. For A,/i G A(m|n, r) and d G X>a^ \ ^aV if a parabolic subgroup 
W v <W™^xWll ll ,thenN w , Wv (e flM ) = 0. 

Proof. By the hypothesis and Lemma \A.2\ e^xd 6 End-^ ?) (Vft(m|n)® r ). Hence, by 
Lemma l3T2~T b). iVv^w ( e n,\d) e End^ i j(VR(m|n) (glT '). From the definition of e^xd, it is 
enough by Lemma PO to consider the action of Nw,w v { e n,\d) on v n- Thus, we have 



(v^Nw^e^xd) = (Vft) ^2 Tw-ie^xdXu 

w£V v 

io wiex>^n(w^( ) xf (1) ) 
wotuiex>^n(w^ ( o) xW M (i)) 

Since d G \ D\ , we have 

W„ := Wx n W 7 ^ = W 7 ^ x W® 1 x W„ 10 x W* 1 , 

where W l J = W* w n W 7 ^), for all z, j = 0, 1, and = W V (V V n For w G 

n H^ ( o), there exist x x 1 G (P„ n W°°) x lyj and d e V u n W^o) such that 
w = x xid . For wi G W^i), there are y yi G W® 1 x fl H 7 "^ 11 ) and di eV v n W^v, 
such that Wi = yoyid\. Therefore, w Wi = x Xiy yid di and £(w Wi) = £(x ) + 
£(xi) + £(yo) + £{yi) + £(do) + £{di). Consequently, we have 
(v^Nw^e^xd) 

= Jfraxida) ( _ a -l\e(yovidi) j- j- <r j- 

/ j y \ H J u i x d l xoxi l yoyi I do I di 

y yieWS 1 x(v v nWi 1 ) 
do eT> v(d) nwy 0) Aiev^nW^ 

xoxrei^nwS^y-Wi 
yovieWS 1 x{V n r\Wi 1 ) 



^oei'„ (d) niV fi(0) , soe^nw™ mew* 

-(d) nH7 M (i) 
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Now, the sum ^(si j/ )6VK 10 xw 01 ( — l)^ 1 ^^ is the value at —1 of a Poincare polyno- 
mial of a product of symmetric groups. Obviously, it is zero if and only if x W® 1 ^ 
1. However, the hypothesis d G T) Xili \ V\ implies x W® 1 ^ 1. Hence, we have 
Nw,w v {en,\d) = 0. □ 



Corollary 4.5. For X, e A(m\n, r), y G £> A , !/^ (0) n^ (1 ) ^ 1 or W^ (1) n W^o) 7^ 1, 
i/ien A^,i(e M)A2/ ) = m <Sij(m|n, r). //, m addition, a parabolic subgroup W v is a 
subgroup of {W y m n x n W M a)), flien we fcaue AV^e^) = 0. 

Proof. For the double coset W\yWp of W, there is a unique distinguish element 
(2 G £> Aj u such that W x yW^ = W x dW^. 

Since W x yWf, = W x x {d} x (P v n H 7 "^) (as sets), there is x G P y D such that 
y = dx where = H 7 ^ n W 7 ^. 

Without loss of generality, we assume W y (0) n W^ci) 7^ 1. Since D W^ci) = 

W% n *V> = «<o) n W» X ^ 1, < ( o) n W> ^ 1. Thus, deV Xfl \ V° Xfl in this 
case. 

In order to get the claim, it is enough as above to consider the action of Nw,i(e^ Xy ) 
over v^. That is, 

(?V)iVV,i(e^Ay) 
wew^ 

E ^H-r^KvT^ 

Since 

E ^(-ff- 1 )^ ^^ = ^ w y MW) 
u)owiew^( ) xff (i) 

it follows that 

where 2 = x Xi with x G W„(o) and Xi G W„(i) (so £(x) = ^(seo) + Hence, by 

Theorem 14.41 



)N w>1 (e^ Xy ) = (-l)y~\^)(- q -Y Xl Xv»)N w ^e» M ) = 0, 
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proving the first assertion. 

For last assertion, the argument does not carry over. However, we first give a proof 
for the v-Schur super algebra S(m\n, r) (i.e., the R — Z case). 

By Lemmas 12.21 and I4.2[ for any s G S, T s e^\ y = £p,\ y T s if and only if s G 
(W y m n W>)) x (W y xm n W». Now, if W v = W> x W vW with < 
[i = 0, 1), then, by Lemma [4.21 

Tz^p,Xy &p,\yTz V ^ ^( V ) ^ ^&p,\y 

where z = zqZ\ with Zi G W„(i) (i = 0, 1). Thus, 

= N WA (e^ Xy ) = N w<Wv (N Wvjl (e^ X y)) 

= d w ^ (0) (u)d W w (u~ l )N WtWr] (e^ Xy )- 

Hence, Nw,w v ( e ^,\y) = in S(m\n,r). The general case follows from base change, 
noting Sn{m\n, r) = S(m\n, r) ®z R- D 

5. Bases for S R (m\n,r) in relative norms 

By Lemma 12.81 we will always identify Sn(m\n,r) with End-^ H (Vij(m|n)® r ). For 
A,/i G A(m\n,r) and d G T>1 , let 

N p\ '■= N w,w Xdn/ ,(e^\d)- 
Then, by Corollary 14.3( 1). N^ x G <Sjj(m|n, r). 

Theorem 5.1. The set 

B = {N* x \\^eA(m\n,r),deVl tl } 
forms a basis of the q-Schur superalgebra SR(m\n,r). 

Proof. Consider the T^-H^-bimodule 

M = Rom. R (Rvp, Rv ixd <& Hv Hp), 

where d G T>xp and v = Xd D fi. Now, M contains an Hp-H u -submodu\e N = 
Hom R (Rvp, Rvi x d) and M = N ®u v U-p. Thus, by Nakayama relation in Lemma [3. 5 \ 

Nw^w^om^iRv^ Rv ixd )) = Hom M(i (%, Rv ixd ® Hv Hp). 

This together with an application of Mackey decomposition yields 

Hom w#J v x H R ) = (J) Rom Hii (Rvp, Rv x ® T d ® Hv H?) 

dev Xll 

= (J) Kom H „(Rvp,Rvi xd ® nv Hp) 
dev Xfl 

= (J) N Wfl>Wv (Rom Hl/ (Rvp, Rv ix d)). 
dev Xfl 

We claim that, for d G T>xp \ T> x , Kom^ (Rvp, Rvi xd ) = 0. Indeed, in this case, 
there exists w G (WfL fl W„m) x (Wf (1) fl W„(o)) such that £(w) = 1. Assume 
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w G W$ ) n W^i). For / G Kom<H v {Rvp,Rv ixd ), (v^f = av ixd for some a G R. 
Since (v fl %)f = iy^)fT s for all s G W v fl S, applying this to s = w yields aqvi xd = 
o(— q ,_1 )^i A d- Because i? is a domain and g 7^ (— g _1 ), a = and / = 0. 
Thus, by the claim, 

Hom W(i (%,?; A Kj;)= N w ^ Wv{d) (Rv^Rv ixd ). 

By applying Nw,w„ ( — ) to both sides, Lemma l3T27 a) and Frobenius reciprocity (Lemma 
E3D imply 

Hom Wfl (t) /J %,^'Hfl) = A^w ! w M (Hom^(i2u jU ,?;A^K)) 

= ® ^^(Hom^ift^i?^)). 

Therefore, {N W)Wv (e^\d) \ d G T>° x } forms a basis of E.omn R {Vf/HR,V\HR). Hence, B 
is a basis of S R (m\n, r). □ 

Now we describe a basis of End^ p (V / R(m|n) (g,r ) for p = (pi,p 2 , ■ ■ ■ , p t ) \= r, which 
will be used in §7 and §10. 

For A, /i G A(m\n, r), let d G T>\ p , d' G P w , and 

jy a = iy A d rw p and w^ = H^fnw p . 

Then we have a = («( ), «(i), • • • , a( t )) and /3 = (/3( ), %), • • • , /%)) where £*(»), /%) G 
A(m|n, for i = 1, 2, • • • , t. Let 

nw p = {d = d x d 2 ■ ■ - d t e v a f3 nW p \ di e w Pi n £>° w%) , o < i < £}. 

See Notation EH Since VR(m|n) 0r = V^mln)®* 1 <g> V R (m\n) 9pa ® ■ ■ ■ <g> VR(m|n)® p % 
then 

<Si?(m|n,p) := End Wp (V/j(H n ) 0r ) - S/?(m|n,pi) ® S R (m\n,p 2 ) <S> ■ ■ ■ <S> S R (m\n,p t ). 

(5.1.1) 

Set 

B{X,p,d,d') = {Nw^w^w^e^^dy) \y eV^n W p }. 
Lemma 5.2. The set B{X, p, d, d') forms a basis for the R-module 

Hom Wp (w i(itf ® nfj H pj v ixd ® Ha U p ). 

Proof. By Lemmas 13.41 13.31 and 13.51 

Rom Hp (v^ d , ® Hf3 U p ,v ixd ® Ha H p ) = N Wp)Wp (Eom Hp ( Vi^d' j Vi xd ®n a Hp Wp) 

= N WptWf} (B.om np (v illd > , v ixd ® T y ®H aynP Hp) 

yev aj3 nw p 

(Rom nayn p(Rv ifld ,,Rvi xdy )). 
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Since, for y G (V a(3 n W p ) \ {V° aj3 n W p ), ttom Hctynfj (Rv ipdl , Rv ixdy ) = 0, it follows that 

ttom Hp (v iiid/ ® Hfj H p , v ixd ® Ha H p ) = N WptWaynfj (Eom Hayn p(Rv ifid ,, Rv ixdy )), 

yev° a? nw p 

Hence, B(X, p, d, d') forms a basis. □ 
Let 

B(p)= |J B(X,p,d,d'). 

A,^tGA(m|n,r) 
deV Xp ,d'&>iip 

Theorem 5.3. The set B(p) is a basis of Sn(m\n, p) = End^ p (Vft(m|n) (glr ). 
Proof. By Lemma [2.81 and [141 2.22], we have 

End Hp (V R (m\n)® r ) = Eom Hp (v^H R ,v x H R ) 

\,fi£A(m\n,r) 

Rom Hp (v iiid , ® np H p , v ixd ® Ha U p ) 

A,/j£A(m|n,r) 

deDx p ,d'eDp P 

The theorem follows from the above lemma. □ 

However, by (I5.1.ip . we may use the bases for S R {m\n, pi) described in Theorem 
15.11 to describe a basis for SR(m\n, p). We now show that this basis coincides with 
the basis above. 

Let 

A(m\n, p) = A(m\n, pi) x ■ • • x A(m\n, p t ). (5.3.1) 

Then, for A G A(m\n, p), there exist A(j) G A(m\n, p%) such that A = (A(i), . . . , A( t )). 
Let be the corresponding parabolic subgroup of W p and, for A,/2 G A(m\n, p), 
define the set of distinguished double coset representatives by 

V k P = i dE V U \d = d 1 --- dt, d, G W Pi n V° hi)m ,l<t<t}CW p . (5.3.2) 

Here, again, see Notation 12.11 for the notational convention. Putting 

t 

^ w Pi ,w, 
i=i v ' 



N fi\ Qy N w Pi ,w?\ nw„ .. ( e ^« >Hi) d ' ) ' 



then the set {Ni~ | A, jl G A(m\n, p),d G X>^L } forms a basis of iS^(m|n, p). 



/xA 

If we define the multi-index G J(m|n, r) in an obvious way so that 

Vpz = v i0 = Vp (1) <g> f M(2) ® • • • <g> f M(t) G 14(m|n) 0r 

and set ^ d to be the i?-linear map by sending vp to Vi-, d and the other basis vectors 
of V R {m\n)® r to 0, then we may simply write Nt? = N w winwX e r \ri)- Here we 
regard z7 as a composition of r by concatenation so that W# is well defined. 

The coincidence of this basis and the one in Theorem 15.31 can be seen as follows. 
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For A = (A(i), . . . , A(t)) G A(m\n, p), let A = A(i) + • • ■ + Xm G A(m\n, r). Then 
there is a unique x G Pa p such that = W£ D W^. Similarly, for /I G A(m|n, p), 
there is a unique y G £>p P such that Wft = Wj{ PI W p . Thus, for any 2 G , putting 
= (W A * n W p )* n (W*f n W p ) , we have 

Nw p ,w^nW)j( e #,Xg) = Nl^ = N Wp:Wxyz (e m: xxz)- (5.3.3) 

We end this section with a comparison of the basis given in Theorem 15.11 and the 
one in Lemma 12.41 

Theorem 5.4. If we identify % R (m\n,r) = A6A(m | njr) £a(°)2/a(dKr with V R {m\n)® r 
by the isomorphism f given in Lemma \2. 8\ then, for any A,/i G A(m\n,r),d G , 
and v = Xd fl //, 

iV^(e Md ) = (g-^C-l)^- (5-4.1) 

Proof. We need to prove that equals the right hand side. Since / is an % R - 

module isomorphism, it is enough to consider the actions on v^. We have on the one 
hand, 

= {Twxdw^f 1 

iuowi£(W^ (0) XVC (i))nPi/ 

On the other hand, 

Therefore, (15.4. ip follows. □ 



In particular, by Theorem 15.11 the set 

{^lA^eAHn.r^el?;} 
forms a basis for <Sn(m|n, r), proving Lemma [2] 
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6. A FILTRATION OF IDEALS OF S R (m\n,r) 

The purpose of this section is to construct a filtration of ideals of Sn(m\n, r) labelled 
by /-parabolic subgroups. The existence of the filtration is based on a nice property 
of the structure constants associated with the defect groups of the relative norm basis 
elements in B (see Theorem 16.51) . We need certain technical results Lemmas 16. 21 - 16. 41 
for the proof of the theorem. 

Lemma 6.1. Let A,/x G A(m\n,r) and d G T>^ . Then 

(- 1 ) rf ^TV,W^nW^( e A«,Ad) = N W,Wx^Wd-^ e ^d-\\) ■ 

Note by Definition O that d= (\,d) A while cF 1 = (^d -1 )*. 

Proof. Let W v = W£ D and W v > = W x D By Lemma HH it is sufficient to 

check that 

{-l) d {y^)N W)W a nW ^e^ M ) = (-l) d_1 W^w^n^" 1 ^" 1 .*)- 

Now, 

LHS = (-l) d " E Kr,-i)e Md r, 

= (-i)" E (^V) e ^ 

= (-i) d * E ^K-Q-^KdT^ 

= (-i)" E (-i)^ 1 ^* ^-?- 1 )^^ 

By 3.1], V v > n dW^ = d(V u n Thus, 

RHS = (-lp E M-^d-\xT y 
i/ed(2?„nw M ) 

= (-l)* 4-1 E ( v v%^%^T d -i)e^ d -i^T d T yo T yi 

dy yied(V„n(W^ 0) xW m( i))) 

dl/oVied(XVn(W^ (0) xff (1) )) 
= ("I)'" E g%o) ( _ g -l ) % 1 ) ( _ 1) ^ ( _ 1) ta^ d ^ i 

yoyiei» v n(W^(o) x^ (11 ) 
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So LHS=RHS, proving the lemma. □ 
For the next three lemmas, we fix the following notations: 



p, A, /i &A(m\n, r), d! G T> pX , d G Pa m , and y G P PM , and define is, u', r by 



w v = w$nw„ w u , = w p nwf \ and w T = WJnw^ 



(6.1.1) 



Then, v, v' G A(m'|n',r) for some mf > m,n' > n; see remarks right after f |2.2.2|) . 
Lemma 6.2. If d G V° Xfl , d' G P° A , and y G D^, S/ien 

W p yW„ n Vy, v = {hyk | yk G Z>^, G P°„ fl M^, liG^fl W p } 
and it is a subset ofV°,„. 

Proof. Since y G D^, by [H 3.2], we have 

W>W M n v v , v = {hyk | yA; g P pi „ fceO„n w^, hev u ,n w p }. (6.2.1) 

Since y G P"^, d G PL, by definition, 

^n^^i, w; (1) nW>) = i, 

W>> = W* l0) n W>, and = W d xm n W>. 

Thus, noting that k e implies W 7 ^, = W^i) , 

w$) n w uW = wf 0) n n w» = (w% n n = 1. 

Similarly, one shows D VKj/o) = 1. Hence, y/c G P°„. 

To see G P°„ fl H 7 ^, we have 

w% n = (wjo, n n n w> = n w>> n n w> = 1 

since W y ^ 0) fl WOi) = 1. By a similar proof, we obtain fl W v (p) = 1, proving 

k G P^ 

Finally, we prove W p yW^ fl P^ C T>°, v . For G W p yW p fl P^, we have 



<S n w vW = (w> n w^fy* n n w>> = wj* n ^ ^ fc n n w>) . 

Since h G D^n^, = Wf Q) . Since fc G W p , W^nW pW = (W y p(0) nW pW ) k . Now 

W y (0) n W^d) = 1, implies W^) n ^d) = 1- Similarly, one proves W*** n W>) = 1. 
Hence, hyk G P° v . □ 

The following is the super version of a modified jS] Lem. 3.3]. 

Lemma 6.3. Let p, p, G A(m|n, r) and Ze£ Wq. fre a parabolic subgroup of W p . For 
y G D; and A; G P^nW^nP" 1 , Zet We = WfnW a andW e > = W^W^ = Wf\ 
Then there exists c G R such that 
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Proof. Let z = yk and r = py D //. The hypothesis y G Z>° and Wq. < W M implies 
yk G V° pa . Hence, W e is parabolic. Since k G D^rW^, it follow that HV = W* _1 fW T 
is parabolic. Moreover, both and HV are parabolic subgroups of (parabolic) 
Wjj n and of (possibly non-parabolic) W* fl W M . By the transitivity of relative 
norm Lemma [3.2( a). it is enough to show that, for some c G R, 

Nw^,We( e »,pz) = cN Wp:Wgl (e^ py ). 

Now consider the 7^-7^-bimodule 

M = Kom^Rv^ Rv ipy ® H$I H^). 

It is clear that there exists an 'H^-Hg'-bimodule N = Hom^(i?f M , Rvi y ) and an / H V - 
% r bimodule N' = Hom B (ify„ Rv ipZ ) such that M = N ® Hgl and M = N' ® ng n p 
as %^-%^-bimodules. Applying Lemma 13.51 yields 

N w P ,w e '( Rom n e ,( Rv ^ Rv i P y)) = z m(H») = N w ^ Wg (Rom Hg (Rv p , Rv ipZ )). 
Hence, there exists c G R such that N WtWg (e^ pz ) = N W)Wgl {ce^py). □ 

Note that, in the applications below of this lemma, we will take W a = W u as 
defined in (I6.1.ip or W a = 1. 

Lemma 6.4. Maintain the notations in (16. Lip and Lemma \6. 2\ For hyk G T>°, u , let 
Wf f\W u < W?, W v = W^ k 

d w {0) (u)d w w (u- r ) d w (u)d w (u- 1 ) 

— . . , T — -. — tt-, and g{u) = — - , — - 
d w i(0) {u)dw ((1) {u x ) d w ^ 0) {u)d w ^ w {u !) 

Then 

for some c G R. Moreover, if q G R is an Ith primitive root of 1 with I odd and 
P T iw Pu or P T £ w P v ,, then f{q 2 )g{q 2 ) = 0. 

Proof. By the transitivity of relative norms (Lemma 13.2( a)). we have 

N w,wy h rWu ^ e ^pv k ) = N w,wfcw v \ N wfrm v ,wy k r\W v ( e ^pyk ) ) ■ 



W$ = 
/(«) = 
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By Lemma E21 = W™ kn „ x W^ knu < W™ kn ^ x W^. Thus, we have e^ pyk £ 
Hom-^ c (V / R(m|n) lX,r ) by Lemma [4.21 Since 

( w M) Ar iy p i ' fc n^,vi/^ fc nvi/,( e ^P3/ fc ) = ( v p) N Wi.,w v {et,,pyk) 

iu wiel'^n(W.( ) xW (i)) 

iu wiex | ^n(w f (o) xW (!)) 
According to the definition of Poincare polynomial, we have 



^ (0) (w)d Ws(1) ( w 



„m 
So 

By Lemma 16.31 there exists c £ i? such that 
Thus, 



2\... 

2 



AT, 



w,w h f k r\wS e ^py k ^ ~ ^i^^w^nw^' 1 ( e p,py)- (6.4.1) 



By Corollary S31 e^ py £ Rom HT {V R {m\n)® r ). Since W y p n 1 < W T , we have by 
the transitivity of relative norms 

Since (WJ fe n = W» n W M n W^ 1 = Wf 1 and kel^n W„, Wj" 1 is a 

parabolic subgroup of W . By Lemma H£H(a), we have d w v nWk -i = dw v Hence, 



rfjy (0) ^ 
p d w ((0) { u ) d w e(1) {u ) 



e p,py — /(? ) e p,py 



u=q z 

Applying AV,w T ( ) to both sides and combining it with (16.4.11) give 

N ww h ? k nwS e ^pyk) = c f(q 2 )9((l 2 ) N w,w}!rwS e ^py)i 

proving the first assertion. 

To prove the last assertion, we first assume that P T -^w Pu, equivalently, d Pv \ dp T 
and dp ^ dp . Since We < W v , it follows that d P I dp ... and dp I dp ... . Thus, 
dp 7^ dp implies dp. I dp and dp I dp,., one of which is not equal. This 
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implies f\q 2 ) = 0, and hence, f(q 2 )g(q 2 ) = 0. From the argument, we see that, if 
P € < w P T , then f(q 2 ) = 0. 

We now assume that P T <w Pv but P T -^w P v i. As seen above, we may further 
assume P^ = P T . Then, dp ,\dp T and dp , ^ dp T . Since W v <w W u > and < W%, 
P^ = P T implies that one of the relations dp (0) \ dp (0) and dp (1) \dp (1) is not an equality. 
Hence, g(q 2 ) = 0, and hence, f(q 2 )g(q 2 ) = 0, proving the last assertion. □ 

Let N^ x = Nw,Wxdn^(. e nM) be a standard basis element as described in Theorem 
15. 1[ We define the defect group of N^ x to be the maximal /-parabolic subgroup Pxdnp. 
of W\dnn = W x PI W M . We now have the following result about the coefficients of the 
product of two standard basis elements. Recall that R is a domain and q G R is an 
Z-th primitive root of 1 with I odd. 

Theorem 6.5. For basis elements N^ x , N x ' p G B of Sp(m\n,r) , assume that 

n^K = E a v N l P 

where a y G R. If a y ^ 0, then 

Ppynti <vk P\dnn an d P py np <w Ppd'nx- 

Proof. We first compute in the t>-Schur superalgebra S(m\n,r) over Z = Z[u, i; -1 ]. 
By 16.11 and Lemma 13.41 and noting v = \d D \i and v' = Xd'^ 1 fl p, we have 

<a< = (-l) f? (-l)' Fl ^^(e M ,Ad)iV w , w , y (eA^- 1 ,p) 
= {-l) d+d N W)Wv (e^\dN W)Wvl (e\ d ,-i )P )) 

= ( — l) d+d Nw,w* l nwX e vM'Tx- i exd'-i,p%) 
Now, by [8, 3.2] (or (16XTD ). 

ZV„ = {/^ | y g P pA , y/c g P p „ kev ru n W M hev u ,n W p }. 

For x G P^'y there exist y G r> PA1 and /i, k such that x = hyk and G 1^, h G 
2V fl W p . By a direct computation, we have for some b x G Z. 

^PjXdTx- 1 ^Xd'" 1 ,pTx bx&p,,pyk- 

We claim that if b x ^ 

%e^pyk = e^pykTz for all z G fl W v . (6.5.1) 
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Indeed, 

b x ■ (LHS) = Tzie^xdTx-iexd'-i^Tx) 

= e^xdT z %-ie X d'-\p% (by Lemma WM 

= e^xdT x -iT z/ e X d'-i,p% (z' e W v , with zx' 1 = x~ x z!) 

= G^xdTx-iexd'- 1 ,pT z 'T x 

— (z l *M7x- ie \d>-i,p%)% 

= b x ■ (RHS) 

Since nW„ < Wf n W v < Wf n W„ and W^o = < for i = 0, 1, it 

follows that Wy, fl W v = Yli j=o i ^v'xvw * s a product of parabolic subgroups and each 
WXnu < W^nW^. Thus, ifb x ± 0, we conclude that W$r\W v = W™ nv xWP xnu < 
{Wf 0) n W» x (Wj* n W», since any element in W^ xnu < Wj* n W>> or in 
V^J^n„ < W^ij n W^co) does not satisfy (ISXTp : see Lemma H2J 

Now, if y e Z> w \ £>° M , then Wj* n W> = (Wj 0) n W» fc ^ 1 or Wj* n W>) = 
(WJ (1) n W>)) fc ^ 1. Thus, by Corollary Nw,w$rwMwh) = 0. Thus, for 
?/ G X?° M , if we write by Lemma 16.21 

WpyW^ n V v , v = {hiykj | 1 < i < m y , l<j< n y }, 

then 

hykev°, 



By Lemma I6.4[ there are Laurent polynomials f y ,j(u) associated with ykj and 
g it yj(u) associated with h^ykj such that in S(m\n,r), 

We now look at the product in Sn(m\n, r) = S(m\n,r) ®z R by specializing v to 
q E R and obtain N^ x Nf p = J2 y ev° a y^jip m ^R( m l n > r )> where 



pij. 



"„ = (-rTEUifc(? 2 ). 

i=l j=l 

By LemmaElagain, if P pynp ^ w P Adf> or P pynil ^ w P pd/n \, then all f y ,j(q 2 )gi, y ,j(q 2 ) = 
0. Hence, a y = 0. □ 

Let P be an /-parabolic subgroup of W. We define 

IflCP, r) = span{A^ A | A, fi e A(m\n, r),de P Adf> <w P}. (6.5.2) 

We also write Ir(P, r) = Jr(P, r) m | n if m\n needs to be mentioned. By the above 
theorem, we have 
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Corollary 6.6. The space Ir(P,t) is an ideal of Sn(m\n,r) . 

Let r — si + 1, where < t < I. For each k, < k < s, let be the Z-parabolic 
subgroup of W associated with the composition (l t+( - s ~ k ^ 1 ,l k ). Then we have a chain 
of ideals in iSfj(m|n, r) 

C I R {P Q , r) C I R {P u r) C • • • C / fi (P s , r) = 5 B (m|7i, r). (6.6.1) 

In Definition 110.11 we will use the sequence to define the defect group of a primitive 
idempotent and discuss the effect of Brauer homomorphisms on the defect groups. 

7. Alternative characterisation of the ideals I F (P,r) 

For the rest of the paper, we assume that R = F is a field of characteristic and 
q G F is a primitive Ith root of 1 with I odd. 

Lemma 7.1. We have 

I F {{l},r) = N Wil (End F (V F {m\n)® r )). 

Proof. Clearly, 

{e» d ,\d' I ^ e A(m|n, r),de d' G V x } 
is a basis of End F (V F (m\n)® r ). By Lemmas 13.21 13.31 and 14. 1\ we have 

^W,l( e ^,A(i') = ^W,W^{ e nn)Nw,l{ e nd,Xd') 

= N W:Wti (e^N Wjl (e^ d ,xd')) 

= N WtWfi ( N Wti)1 (e^T x -ie^ d ,\d'%)) 

= Nw^e^Tx-^e^dM'Tx) 

xex»^ 1 nd- 1 W) J 
= Nw^ie^Tde^xd'Td-i) ■ 

Write e^Tde^xd'Td-i = Y^ y eD x a v e nM where a y G P. Then 

yev x 

For ?/ G Pa, there exists a; G Paji, k G V\ xr]fl PI such that y = xfc. By Corollary 
14.51 if ^ G X?a^ \ ^Au' then ^VK,i( e M,Aj/) =0. If x G X^, then we apply Lemma I6T31 
with W a = 1 to give, for some c G F, 

N w ,i{e„,\ y ) = cN Wjl (e^xx) = cd Wxxn ^q 2 )N w , Wxxn ^e^ Xx ) G I F ({l},r), 

since dyy Xxn (<? 2 ) = if Pajch/x 7^ 1- The result is proved. □ 
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We now generalise this result to an arbitrary /-parabolic subgroup. For the rest of 
the section, fix a non-negative integer k and let 

9 = (lr^J,l r -- ,1). 

k 

Then We =w Pk is an /-parabolic subgroup of W. For A G A(m\n, r),d G T>^ g , if 
W e < Wi then, by LemmaE^l W e = (WjJ 0) nW e ) x (W* w HW e ), and both W% nW e 
and W^ (1) fl We are /-parabolic. 

Lemma 7.2. Let 6 \= r be given as above. If A G A(m\n,r), d G £> A one? W e < Wf, 
then there exist 9' G A(m'\n', r) for some m' > m and n' > n and w G Nw(Wq) fl T>ee 
such that We> = We, dw^ 1 G T>\ Q , and 

e Xd ,e> w eEnd ng (VF(m'\nT r )- 

Moreover, N w>Wg (e X d,o'w) G If(Wb, ?")m'|n'- 

Proof. Since d G P A and W e < Wjf, by [9, 1.3], we have 

i A d = ( ^i, • • • ■ • • ,»2 , • • • , »fc, • • • ,ik ,3i, ■ ■ ■ ,jt)- 

i i i 

The sequence (ii,i2, ■ ■ ■ ,ik) is called the parity of the k blocks of length I in i\d. 

Let a = #{j | ij = 0, 1 < j < k} and b = #{j | ij = 1, 1 < j < k}. We will call a 
(resp., b) the number of even (resp., odd) blocks of length I. Then a + b = k and 

i\(o)d = i\d\[x tm ] and i x wd = i\d\[ m+ i im+n y 

Consider 0-1 sequence (h,i2, •••,«&)■ There is a shortest x G such that 

(i^,. = (0 a ,l 6 ). 

Then g = £(x) is the number of inversions in the sequence (see proof of [T0"1 Lem. 1.3]). 
Every such inversion i c > i d with c < d determines I 2 inversions in the sequence 

^C; ) 'C) ^di i I'd- 

I I 

Let ff<® = (/ a ) and 0'W = (l b , 1*). Then, by adding some O's at the end of ff® if 
necessary, we may assume 9' = (9'^\9'^) G A(m'\n',r) for some m! > m,n' > n. 
Clearly, We = We>- Define w G T>ee such that 

ie'W = • • • , iy , i 2 , ■ • • , i 2 j • • • ' ' ' > ^ty On ' ' ' i3t) 
i i i 

where i' s = i s for 1 < s < k and (j)w = j for all kl < j < r. Since the first k blocks 
in igi contains gl 2 inversion, we have £(w) = gl 2 and w G N w {We) fl V e e- Moreover, 

ixdw' 1 = ((it, ■■■ ,i 1 ,i 2 ,--- ,k, ■ ■ ■ ,h, ' ■ ■ , k) sorted • • • ,jt)- 

Now the other inversions in i\d is unchanged during this sorting process. We conclude 
that £(d) = iidw' 1 ) + £{w). Hence, dw' 1 G V xe >. 



IRREDUCIBLE REPRESENTATIONS OF g-SCHUR SUPERALGEBRAS 27 

Also, since Stab^(i A (o)d, igww) =w Pa and Stabw(i\md, igt(i)w) =w Pb, it follows 
that Wjjoj n W£ w = 1 and W* m n W$ 0) = 1. Hence, dw^ 1 G P^,. 

By Lemma fl~2l e\d,o'w £ End-H 9 (VF(m|n) (8>r ). So the transitivity of relative norms 
(Lemma 13.2( a)) gives 

N w , Wg (e Xd , 0lw ) G End WF (K F (mVD- 

The last assertion is clear since Nw,w e {e\d,8'w) is a linear combination of basis 
elements of the form N W)W x nW ,( e \x,d') eacri °f which has a defect group <^ Wg> and 
hence, is in I F (Wg, r) m /| n /. □ 

Corollary 7.3. Lei 6> = (Z fe , 1*) fre as above. For A, G A(ra|n, r),d E V\g, d! G £> M e, 
assume Wg < {W^ 0) n W^ ( ' 0) ) x (H 7 "^ n H 7 ^,). T/ien i/iere is 6»' G A(m'|n',r) /or 
some m' > m,n' > n and w G P90 sttc/i that Wg = Wg> and 

Nw,W e (. e ^d,\d') = ^W,W e ( e iJ.d',9'w)Nw,We( e e'w,Xd)- 

Proof. We first prove that i\d = (ii, • • • ,i r ) and i^d! = ■ ■ ■ ,i' r ) have the same 
parity sequence for the k blocks of length I. Since Wg < W^ nfld , x Wl dn d ,, by Lemma 
E2 %e^ M = e^ M % for s = + 1) G Wg PI 5. Applying this equality to 

gives (— 1)^5^ 3, yi A d = (— l) ij g ( ~ 1;IJ t>i A d. Hence, ij = i'- for 1 < j < kl. 

By the proof of Lemma [7T2l there are 8' G A(m'\n', r) and a common if G AVfWe) D 
Pee such that e^ d ' ,g' w ,eg> wM G End W( ,(VF(m|n)® r ). Then 

Nw,w e (e^d',g'w),N W:Wg (eg lwM ) e End WF (y F (m'|r/) 0r )- 

Also, from the construction of w, we see that Stab^(*6i'w) = Wo'. Thus, Vi e , w %; e 6'w,\d 
if and only if x G Wg>. Hence, 

Nw,W e ( e tid',e'w) Ny/,W g ( e 0'w,\d) 

— N WiWg {e^d' ,g'wNw,w e ( e e'w,\d)) 

= Nw,W 9 ( e nd' ,6'w ^ Nw 9 ,WgnWe{%- ie e'w,\dJx)) 

= Nw,w^r\w e ( e fid',g'wT x -ieg' Wt \dT x ) 
= Nw^w^e^d 1 ,\d)i 

as desired. □ 

We now establish the main result of this section and leave its application to §10 
where we will use this result to compute the vertices of indecomposable summands 
of V F (m\n)® r . 

Theorem 7.4. Let Wg =w P^ be the l-parabolic subgroup ofW associated with com- 
position (l h , l r ~ kl ) . Then 

I F (W e ,r) = N w , W9 (End He (V F (m\n)® r )). 
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Proof. We first show that 

N WiW9 (End ne (V F (m\nf r )) C I F (W e ,r). 
By 15.31 it is enough to prove that 

Nw,w£nWp(end>,Xdy) G I F (W e ,r) 
for all //,A G A(m\n,r),d' G £>,d G V xe ,W a = Wg n W g ,Wp = W* nW e ,y G 

As in [HI 4.7], we proceed induction on k. 

If k = 0, i.e We = 1, W 7 ^ fl W/3 = 1, then the assertion follows from Lemma EU 
Assume that W e ^ 1. Let = W%r\Wp <W e . 

If the maximal parabolic subgroup P 7 of W 7 is conjugate a proper parabolic sub- 
group of Wg, i.e., P 7 <w Wg, then, by induction, 

N w ,w-y( e vd,\d'y) = fi.(l 2 Y lN w,p^^ dM 'y) G I F (P 7 ,r), 

where f(u) = dp ~< {u)dp "< . Hence, JV W ;w 7 (e,«j,Ad' w ) e I F {W e ,r). 

Thus, it remains to look at the case where W 1 = Wg. That is, 

Wg = (wg n Wgf n (w* n w*) = n n w e . 

This forces that W a = Wp = Wg and y = 1 as y G fl WV In particular, 
W# < ^Adriud' x ^Idnud' ■ Hence, by Lemma 17.21 and Corollaries 17.31 and 16.61 there 
exist m! > m,n' > n, 6' G A(m'\n' , r), and w G Vgg fl N w (Wg) such that 

Afw,W e ( e fMd',Xd) = Af WtWg (e^ d ' : g' w )N W:We (eg> W) xd) G eI F (W e , r) m >\ n te, 

where e is defined in Remark 1231 Hence, by identifying I F (Wg, r) with eI F (Wg, r) m n n te, 
we proved that all N ww v nWa (e^ dM ' y ) G I F (W e ,r). 
We next prove that 

I F (W e ,r) C A^ e (End We (y F (m|nf 

Equivalently, we want to prove every basis element Ny/,wX e ^M) e Ip(Wg,r) fl i3, 
where W v = Wg D W M , d G satisfying P^ < w Wg, is in the R.H.S. 

Let z be a distinguished representative of the P, — We double coset such that 
Py < Wg and PJ is also parabolic (of course /-parabolic), z is also a distinguished 
representative of the P v — P* double coset. Let r, r' be the decompositions of r such 
that W T = P U ,W T , = P*. 

We consider "H^-"H_F-bimodule 

M = Rom F (v^H F , v ixd ® Ht H f ) 
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which has an "HF-% T -bisubmodule N = B.om F (v fJi 'H F , Rvi x d) and an "H^-'H T /-bisubmodule 
N 1 = Uom F (v f/H F , Rv ixd ® Ht %). Since 

M = Rom F (v^n F , v ixd ® T w ) 
wev T 

= Rom F (VfJ-Lip, v ixd ) <g> T w 

wev T 
= N ® Ht U f 

as '^F-^F-bimodules and, similarly, M = N' ®n T , Uf, it follows from Lemma 13.21 
that 

N Wt w T {Kom HT (v ll 'H F ,Vi x d)) = N Wt w Tl (^-om HTl (v^H F ,v ixd ® Ht %)). 
Thus, there exists h G Hom^ ,{v^}i F ^ Vi x d ®-h t %) such that 

N w ,pA e ^xd) = N w ,p${h). 
Hence, putting q[u) = , v , - , _ n , 

N w ,wA e ^\d) = 9{<l 2 )~ lN w,Pu{en,\d) 
= N w , PS {g{q 2 )- l h) 

= N W)WB {N W9)Ps {g{q 2 )- x h)) G RHS 
proving the theorem. □ 

8. Quantum matrix superalgebras 

We follow [TB] to introduce the quantum matrix superalgebras. 

Definition 8.1. Let A q (m\n) be the associated superalgebra over F generated by 
Xij,l<i,j<m + n subject to the following relations 

(1) x% = 0for i + j = 1; 

(2) Xij x ik = (-lY i+ M+k) q (-i) i+1 x . kX .. f or j < k . 

(3) XijX kj = {-l)G + 3X k+ bq(-rf +1 x kj x ij for i < k; 

(4) x i:j x k i = {-lY^^XkiXij for % < k and j > I; 

(5) XijX k i = (—l)( i+ M k+l )xkiXij + (— l^j+kl+ji^q-i _ q^ x . [Xkj for i < and j < I. 

Note that if all indices i,j,k,l are taken from [l,m] or [m + l,m + n] then the 
relations coincide with those for the quantum matrix algebra; see, e.g., [IS, (3.5a)]. 

Manin proved that A q {m\n) has also the (usual) coalgebra structure with comul- 
tiplication A : A q {m\n) — > A q {m\n) <g> A q (m\n) and counit e : A q {m\n) — > F defined 
by 

m+n 

^i x ij) = Xik ® Xk i anc ^ e ( Xi ^ = %>^1 < i,j < m + n. 

k=l 

Further, the Z 2 grading degree of Xij is i + j G Z 2 . Hence, .4g(m|n) is a super 
bialgebra. 
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We now describe a basis for A q (m\n). For i = (ii,i2, ■ ■ ■ ,i r ),j = (ji, ji, ■ ■ ■ ,jr) G 
I(m\n, r), let 

hp • • — r t* • ■ nr* ■ ■ • • • np • 

In particular, for A,/i G A(m\n, r),d G T>\ , define x Mi Ad : = x i^,ixd- 

The elements x M .Ad are described in [TT] by matrices which follows Manin |16J . Let 
M m+n (N) be the (m + n) x (m + n) matrix semigroup over N and let 

M(m\n) = {{ aij ) G M m+ „(N) | oy = 0, 1 if i + j = 1} 
M(m\n,r) = {A G M(m\n) \ r = \A\}, 

where \A\ is the sum of the entries of A. Then, by [HJ (3.2.1)], every triple A, [l G 
A(m\n, r), and d G PjL defines a unique matrix j(A, d, //)*, the transpose of j(A, o?, //), 
whose concatenation of row 1, row 2, and so on is the composition XdH/i and whose row 
sum (resp., column) vector is \i (resp., A). We will write x A = x^\d if A = j(A, d, //)*. 

Lemma 8.2. (%) (|16j .[TT| 9.3]J TTie set {x A } AeM(m\n) forms a basis for A q (m\n). 
(2) f |Tll 9.7]j Lei A q (m\n, r) fre £/ie subspace spanned by 

B v = {x^\d | A,// G A(m|n, r),d e V° XlM } = {x A } AeM (m\n,r)- 

Then A q (m\n,r) is a subcoalgebras with basis £> v and the quantum Schur superalgebra 
iSp(m|n, r) is isomorphic to the dual algebra A q (m\n,r)* . 

Recall from [11, 9.8] that the isomorphism iSp(m|n, r) = A q (m\n, r)* is obtained 
from an isomorphism 

A q (m\n,r)* = End nF (V F (m\n)® r ) 

which is induced by an A q (m\n, r)-comodule structure on V / p(m|n)® r . This structure 
is the restriction of the comodule structure 5 : Vp(m|n)® r — > A q (m\n) <g> VF(m\n)® r 
defined by, for any i G I(m\n, r), 

8(vi)= (-l) I2l ^ k < l ^^ {Tl+Tl) x i!j ®v j . (8.2.1) 

j£l(m\n,r) 

Now, the (left) A q (m\n, r)-comodule Vp{rn\n)® r turns into a right A q (m\n, r)*-module 
with the action given by 

vf=(f® idy F{mH ®r)5(v)yf G A q (m\n, r)*, v G V F (m\nf r . (8.2.2) 

This action commutes with the Hecke algebra action as shown in [TTL 9.7] and results 
in the isomorphism above. 

We now make a comparison between the basis | A, // G A(m\n,r),d G T>^ } 

(or the relative norm basis B) for Sp(m\n, r) and the dual basis 

{%l,\d I \ M e A(m|n, r), d G P^}. 
First we observe ■ x* Ad = if /i 7^ v. 
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Theorem 8.3. For A, /i G A(m\n, r),d G T>\ , and v = \d D //, we /lave 

Proof. For any A,/i G A(m|n, r),d G P£ . Since iV^^ (e^Ad) an d ^uAd are i n 
End^ F ( Vp(m | n)® r ), it is enough to consider their actions on v^. 
By the proof of Theorem I5.4[ we know 

(v,)N w ^(e, M ) = (-if (-l)^Y (wo) (-9-y (wi) ^o»a 
where W v = n W M . 



On the other hand, 



= £ (_i)E 1 < M < r i k (i 1 +M ( )^ (l . j . ) , ; . 

jg/(m|n,r) 

If x /i,A(i( x v,i) 7^ 0) then there exists G H 7 ^ such that (i^,i\d) = jw -1 ). So 
j = i^dto G (i\d) ■ W^, the orbit of i^d Then 



£ (-ljEi^i.CT.+W.)^^) 



For w G X>j, PI W 7 ^, there are Wo G W„(o),Wi G W„(i) such that w = WqW\. Let 
i = i x d = («!, . . . , i r ) and j = z A dw = (ji, ...,>). Then j fc = Let 

J= {(fc,Z) | 1 < k< l<r,j k >ji}, J* = {(k,l) | 1 < k < I < rJkKjt}, and 
J = J[i, m +n] = {(k,l) G J | ai_i + 1 < fc < / < Oi_i + fii,i G [1, m + n]}, 

where a, = 5^}=i /ij for 1 < 2 < m + n and a = 0. 

Define X, X*, X etc. similarly with respect to i. We also define = i7~[i,m] an d 
J {1) = J [m+ i, m+ n) similarly (so that J = J<®\JjW). Then £(w) = \J\, £(iVi) = \J®\ 
(i = 0, 1) and 

where j\f = {(k, I) G J {1) \ 3k =iji = j} for all ij G {00, 10, 11}. Note that X = 0, 
{(jk,Ji) \(k,l)eJ\J}= {(i fc , i,) | (fc, /) G X}, 

and 

^4 := {(j k ,ji) | (A:, G J* U J} = {(i fc , U) I (A;, Z) G X*} =: B. 
Hence, (-l)^M)ej\.7^+(v)() = . On the other hand, if (j fc ,jj) G 

A with (k,l) G J", then [ji,j k ) G B. However, for (k,l) G J" (0) , = 0, while 
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for (k, I) G J {1) , (v); = 1. Hence, (_l)&Cft+(*f)j) = for (Jfe, Z) G 



^Utfu^.whik (-1 

(_l\T,i<k<l<r3k(jl+(iM — 



j k (h+(iM = (_i)(_i)jl(3k+(*M)j) for (M) e jff. Hence, 



_^^E (fe , !)e jifcO'i+(v)i) x ^_2_\E( fc ,i)ej»ifeO'i+(*M)i) 
_^^E( fc j )e j\ i7 jfeO'i+(v)!) x (_i^T, (k j )e j* UJ jk(ji+(in)i) 

_l^T. (k .l )e iik(il + (i^)l) x ^_^^E(A., i )gj ; * u j-4(j! + (iM)!)+l-7l0 ) | 
_]_)El<fc<I<r4(il + Wl) x ^X^io'l, 

Let j = i\dwo and define JT' as J above with j replaced by j'. Then, by Definition 
O and ([9, 1.3]), 

Xi„ ixdwo = (-l) E ^^V (W0) ^,Ad = (-l)^-V ( " 0) ^,Ad, 

and 

•Eifiyixdwowi ( 1) Q ^ //..Xdwo ( f) ( f) 9 ^ •E/j,,\dwo > 

where 

*= E (i+SK 1 +S) 

(k,l)£jW (k,l)&jW 

= I + (cfu>oWi — tZu>o), 
where £ = S (M)6j -(i) 0- + ifc +^) and so = (-1) |,7 °° W^ 1 . Hence, 

(-I) 1 x (-l)!^! = 



and substituting gives 



Therefore, 

proving the theorem. □ 



By Theorem I5.4[ we have the following. 
Corollary 8.4. For A,/i G A(m\n,r),d G we have 

lj) d x — g f ( d )( — — l)Ei< fc<i <r (*A<i)fc((*Arf)i + (v)i) x * 
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9. Frobenius morphisms and Brauer homomorphisms 

Let A q {m) (resp., A q (n)) be the subalgebras of A q {m\n) generated by Xij for i,j e 
[l,m] (resp., i,j G [m+ l,m + n\). Then A q {m) ® A g (n) is a subalgebra, but not a 
subcoalgebra. We now show that A q {m) ® A q (n) contains a central subbialgebra of 
A q (m\n). 

Proposition 9.1. For l<i,j<morm + l<i,j<m + n, the elements x\j are in 
the center of A q {m\n). 

Proof. Since % = j, the (first) signs on the right hand side of the relations in Definition 
Oare all +1. Note also that q l = (q- 1 ) 1 = 1, {l] q = 0. 
For j < k, by EOT 2) 

/ _ i / 

For i < k, by ETTT3) 

; _ U— 1)3+1 ; ; 

%ij%kj 9 X kj%ij •^kj-^ij- 

For z < A; and j > Z, by [87TT 4) 

■Kij^kl %kl%ij- 

Finally, for z < and j < I, we claim 

Indeed, this is clear, by 18.1( 5). for s = 1. In general, we apply induction to [x^ , Xki] = 
Xij[xfj,Xki] + [xij,Xki]xfj to prove the claim. Now taking s = I and noting [Z] ±2 = 
give x^Xfcz = a^/scL in this case. □ 

Proposition 9.2. For 1 < i, j < m orm + l<i,j<m + n, we have 

m 

fc=i 

m+n 

A(xy) = (g> zjy /or m + 1 < i, j < m + n. 

fc=m+l 

Proof. Since v4 g (m|rz) is a bialgebra, 

m+n 

A(4-) = (A(xij)) 1 = {J2^k® x kj ) 1 = {A + B)\ 

k=l 

where A = Y^k=i x ik ® x kj and B = YJk=l+i x ik ® x kj . Putting u = q- 2 ^ 1 ^ 1 (and 
so u l = 1), we have by the relations in Definition 18. 1[ AB = uBA. Thus, by the 
quantum binomial theorem [18, (7.1. a)], 

= £ 

h=0 



h T}l—h 



A B 
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Since [ l h ] u = for < h< I, it turns out A(x^) = A 1 + B l . 

Now, by the quantum multinomial theorem (see, e.g., jH Ex. 0.14]). I8TTT 1) implies 
B = for 1 < i,j < m, and A = for m + 1 < i, j < m + n. Hence, we have reduced 
the proof to the non-super case and the assertion follows from [181 7.2.2]. □ 

Corollary 9.3. The subalgebra generated by x\j withi,j e [l,w] ori,j e [m+l,m+ 
n] is also a subcoalgebra in the center of A q {m\n) , and hence, is a central subbialgebra. 

The existence of the subbialgebra is the key to the definition of the Frobenius 
morphism. Let A(m,n) be the polynomial algebra over F generated by £y for 1 < 
i, j < m or m + 1 < i, j < m + n. If we also define polynomial algebras A(m) = 
F[ti,j]i<i,j<m and A(n) = F[t itj ] m+1 < itj < m+n , then A(m,n) = A(m) ®f A(n). We will 
identify the two polynomial algebras in the sequel. Then, by the lemma above, the 
map 

T : A(m, n) — > A q (m\n) 

tij 1 > 

is a bialgebra monomorphism. This is called the Frobenius morphism. 
For the fixed r G N, set 

K r = K r {l) = {(r_i, r Q ) | r_i, r G N, r_i + /r = r}. (9.3.1) 

For r = (r_i, r ) € 7?. r , we put 

A q (m\n, f) = A g (m\n, r_i) ® A(m, n) ro 

where A(m,n) ro = J2 s +t=r A{rn) s ® A{n) t is the r th homogenous component of 
A(m, n). It is easy to show that A q (m\n, r) is a subcoaglebra of A q (m\n) ® A(m, n). 
Let 

Sp(m\n, r) := A q (m\n, rf = Sp{m\n, r_i) ® S^m, n) r „, (9.3.2) 

where 

S(m,n) ro = A(m,n)* Q = Q(S(m,i) ® ^(n,^ - i)), (9.3.3) 

i=0 

which is a sum of tensor products of certain classical Schur algebras. 
Consider the map 

/i o (1 ® J) : A q {m\n) ® Aim, n) — > A q {m\n) 

where \i is the multiplication in A q (m\n), then \x o (1 tg> J 7 ) is a coalgebra map and 

/i o (1 ® ^(^(mjn, r)) C A g (m\n, r). 

Thus, upon restriction, we obtain a coalgebra map 

F? : ^4 9 (m|n, r) — > A q (m\n, r). 
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Definition 9.4. If we identify Sp{rn\n, r) with A q (m\n, r)* under Lemma 18.2( 2). 
then the Brauer homomorphism associated with f G TZ r is the surjective map 

(ft? : <Si?(m|n, r) — )■ «Sp(m|n, r) := (A q (m\n, r))* 

dual to the coalgebra map : ^4 9 (m|n, r) — > ^4 g (m|ra, r). 

We now determine the kernel of 0^- First, we determine the image of F?. 
For r = (r_i, r ) G 7?. r , define the /-parabolic subgroup P? of W to be the parabolic 
subgroup associated with (i r_1 , / r °) G K{m\n, r). Thus, with the notation used in 

(16XTD . P r -=P ro . 
For i = (ix, i 2 , • ■ ■ , i r ) G I(m|n, r), let 

it = (zi, ■ • • , h, i 2 , ■ ■ ■ , k, ■ • ■ , i r , ■ ■ • ,h) G I(m\n, rl). 
i i i 

Lemma 9.5. The image of F T is the subspace spanned by 

{x^xd | A, ii G A(m\n, r), d G V° Xft , P ? < w n W^}. 
Proof. We first observe that the set 

spans ,4g(m|n, f), where 

/(to, n ; r ) = /(to, s) x (m + I(n, £)) with m = ( to, . . . , m). 

s+t=r S n 

To get a basis, by Lemma 18.2( 2). we simply take the i,j involved to satisfy the 
conditions that i weakly increasing and j a < % whenever % a = if,. So we may assume 
that Xi_ uj l = x^_ 1) ^ ( _ 1)d _ 1 ,t khjo = t m ,\ {0) do for A w ,/i(;) into m + n parts and 
die V° x .. ,i = —1,0. 

Now, F^x^j^ <S)ti ,j ) = x i _ 1 ^_ 1 xn ^ . By Proposition E21 every factor x\ kjk of 
Xn 0i ij , where ik,jk G [1>to] or [m+ 1,to + n], is in the center of *Ag(m|n). Thus, we 
may move them around so that the product Xi_ li j_ 1 xu 0i ij can be written as Xij with 
i weakly increasing and j satisfying j a < j b whenever i a = i b and, if i a = i a+ \ and 
ja = ja+i, then i a ,j a G [1, to] or i a , j a G [to + l,m + n]. This means that we may find 
A,jU G A(m|n,r) and d G T 5 ^ such that / 1 r(^i_i,j_ 1 ® £i ,j ) — Xi^i x d- Clearly, by the 
construction, P ? < w D W^. 

Conversely, if A,// G A(m\n,r) and d G X>^ such that P ? < w D W M> then 
both VKw 0) H W„(o) and D contain /-parabolic subgroups. Thus, if we write 
* = (*i,*2, •• • ,v) = V and J = 0'i>i2, ■ • • ,jr) = i\d, then x MjA d = x itj has factors 
of the form x\ k j k , where ifcjjfc G [1,to] or [m + l,m + n]. Moving all such factors 
to the right, we may rewrite a:^ = %i-- L ,j_ 1 Kii 0) ij - Clearly, (i_i,j_ 1 ) satisfies the 
even-odd trivial intersection property. Hence, we see that Xij = F?{x) for some 
x G A q (m\n, r). □ 
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As an application of Theorem 18.31 we now determine the kernel of the Brauer 
homomorphism. 

Theorem 9.6. If{x*\ d | A, /x 6 A(m\n, r),d G V^A is the dual basis ofB w in Lemma 
\8.2( 2). then the kernel of <p^, forr = (r_i,r ) G lZ r , is spanned by 

{x; M | A, /i G A(m\n, r), d e V^, P f £ w W d x n W,}. 

In particular, ker^f = J^(P ro _i, r). 

Proof. Suppose that ^(x* Xd ) = 0. Thus we have a?* Ad (Pf{a)) = for all a G 
*Ag(ra|n, r). The lemma above implies that P? <£w W x D W M . 

Now, the largest /-parabolic subgroup P satisfying P? <?t w P is P ro -i, and by 
Theorem 18 . 3|. Ip(P,r) is spanned by 

{x; M | A, n G A(m|n, r), d G P < w W A d D W^}. 

The last assertion follows from the filtration (16.6. ip and Theorem 18.31 □ 

10. Shrinking defect groups by Brauer homomorphisms 

In this section we continue to assume that R = F is a field. We shall prove that 
the Brauer homomorphism </v sends certain primitive idempotents in Sp(m\n, r) to 
primitive idempotents in Sp(m\n, r) with the trivial defect group. Using the filtration 
(16.6. ip . we make the following definition. 

Definition 10.1. For a primitive idempotent e G Sp{m\n,r), there is a number 
k = k(e) such that e G I F (P k ,r),e £" Ip(Pk-i, r). We set D(e) = P k and call D(e) 
the defect group of e. 

Every primitive idempotent e of Sp(m\n, r) defines an indecomposable "H^-submodule 
Vp(m\n)® r e of Vp(m\n)® r . We now determine its defect group. The following result 
is a super version of [HI Th. 4.8]. For completeness, we include a proof. 

Theorem 10.2. If e G «Si?(m|n, r) is a primitive idempotent, then the defect group 
D(e) of e is the vertex of the indecomposable Hp-module Vp(m\n)® r e. 

Proof. Let T = Vp{m\n)® r and suppose Wg is the vertex of Te. Then Te is %g- 
projective and so 

eS F (m\n,r)e = End WF (Te) = N w>Wg (End ne (Te)) = N WjWe (eEnd He {T)e) 

= eN W:We (End ng (T))e = eI F (Wg,r)e, by Theorem [72] 

Hence, e G Ip(Wg,r) and D(e) <w Wg. However, by Theorem 17.41 again, the equali- 
ties above continue to hold with Wg replaced by D(e). Hence, Te is "H^^-projective 
which implies Wg <w D(e). Hence, Wg =w D(e). □ 

Corollary 10.3. Let e G Sp(m\n,r) be a primitive idempotent and let (ft? be the 
Brauer homomorphism associated with f G TZ r ■ Then 4>p{e) ^ if and only if P? is 
conjugate to a parabolic subgroup of D(e). 
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Proof. For r = (r_i,ro), by Theorem I9.6[ <p?(e) 7^ if and only if e ^ ker(</y) = 
I F (P ro _i,r). This is equivalent to <w D(e). □ 

Choose f G lZ r satisfying D(e) = P?. Then we will prove that </y(e) is primitive 
and determine its defect group. This is the key to the classification theorem in next 
section. 

For r G 7Z r , let 

P = Pf = {fi-u Po) = (r-i, lr ) 

e = q?= (10.3.1) 

r-i r 

Since W p < W, V F {m\n)® r is a "H^-module, and 

V F {m\n)® r = V F (m\n)® p - 1 ® VpHn)® w , 

restriction makes V F {m\ri)® r into an module. 

Let S F {m\n,p) = End Hp (V F (m\n)® r ), then (see (ETTTTjl ) 

5i?(m|ra, p) = «Si?(m|n, p_i) (g) <Si?(m|n, po). (10.3.2) 

Recall from (15XTD and fl5X2|) that 

A(m|n, p) = A(m\n, p_i) x A(m|n, po), 

— * — # 

and, for A, p G A(m|n, p), 

^ = { rf e %m I d = « e ^ >< ^0^1 e ^W^ 2 e ^a (0)M(0) } c W,. 

So 5i?(m|n, p) has a basis (see f!5.3.3[) ) 

{^.^nw^C^xJ \^P e A(m\n,p),de V^.J. 

Let P be an Z-parabolic subgroup of W p and define I F (P,p) to be the subspace 
of S F {m\n, p) spanned by iV^ where A,p G A(m|n, p),ci G and the maximal 

/-parabolic subgroup of Wi fl W 7 ^ is conjugate in W p to parabolic subgroup of P. By 
(110. 3. 2ft . the first two items of the following results are the W p version of Corollary 
16.61 and Theorem 17.41 

Lemma 10.4. Let P = Wg be an arbitrary l-parabolic subgroup ofW p . 

(1) The space I F (P,p) is an ideal of S F (m\n, p) . 

(2) I F (W e ,p) = N Wp , We (End H9 (V F (m\n)® r )). 

(3) If £ is a composition of r such that W% < W p and P^ = Wg is the maximal 
l-parabolic subgroup ofW^, then 

N Wp!W9 (End He (V F (m\n)® r )) = N Wp>Wi (End Hi (V F (m\n)^)). 

Proof. (3) The RHS is clearly contained in the LHS. The rest of the proof follows from 
a similar argument as in the proof of [3 4.3]. The Pioncare polynomials involved in 
the proof there have to be replaced by the product of the Pioncare polynomials in q 2 
for the even parts and the Pioncare polynomials in q~ 2 for the odd parts. □ 
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We fix an element r = (r_i,r ) G 7Z r , and define p = p? and = 6? as in (110. 3. ip . 
Let 

A q (m\n, p) = A g (m\n, r_i) ® .A g (m|n, Zr ). 

Recall the definition of the Frobenius morphism J 7 . Define the coalgebra homomor- 
phism 

F p = id g) T : .A g (m|n, f) — )■ ^4 g (m|n, p). 
Consider the dual of F p : 

ip p = F* : <Sp(m|n, p) — > iS>p(m|ri, r). 

Since _F P is injective, ip p is a surjective algebra homomorphism. On the other hand, 
the multiplication map 

p : A q (m\n, p) — > A q (m\n,r), 

induces an algebra monomorphism 

l p = p* : S F (m\n, r) ^ <Sir(m|n, p), 

defined by —fop, for all / G <S_p(m|n, r). Thus, taking the dual of the relation 
/i o T p = Tf gives the following commutative diagram (recall p = p?): 

S F (m\n,p) S F (m\n,r) 

SF(m\n, r) 

(10.4.1) 

We claim that l p coincides with the inclusion End% R (VF{m\n)® r ) C End^ p (Vi?(m|n)® r ) 
Indeed, for i = —1,0, let <5j : Vp(m|n)® Pl — >■ ^4 g (m|n, p^) <8> V F {m\n)® Pi be the comod- 
ule structure map as defined in ( 18.2.11) and let 5 P = (23)(5_i £g> 5o) : Vp(m|n) (glr — > 
A q (m\n, p)®V F {m\n)® r . Then it is direct to check that (p®l)o<5 p = 5 : V F (m\n)® r — > 
A q (m\n,r) ® VF(m|n)® r . (The signs involved in both sides are the same!) Thus, for 
any v G V F (m\n)® T and / G «Sp(m|n,r), by ( 18.2.21) . 

v ■ f = {f ®l)8{v) = {f ®l){p®l)8 p {v) 

= (fn®l)8p(v)=v-L p (f), 

proving the claim. 

By the definition of ip p and Theorem 19.61 we have 

ker(^) = S F (m\n,r_ 1 )®I F (P ro _ 1 ,r l) = £ I F (P,p). (10-4.2) 

Consider the ideal of the form Ip(Pk, ?"-i) ® S^m, n) ro in <Si?(m|n, r) and the ideal 
I F (Pk,r) ■■= Ml F (P ro +k,r)) = I F (P ro+k ,r)/I F (P ro -i,r). 
We now show that both ideals are the same. 
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Lemma 10.5. For f = (r_i,ro) G TZ r and tq < k < s, where r = si + t with 

< t < I, the restriction 4>r : I F (P k ,r) — > I F (P k _ ro ,r^i) ® S(m,n) ro is surjective. In 
other words, we have 

I F {P k , r) = I F {P k _ ro ,r^) ® S(m, n) ro . (10.5.1) 

Proof. By Theorem 18.31 I F (P k ,r) is spanned by all x* Xd satisfying P\dr> <vy Pk- We 
first prove that <fi?(I F (P k ,r)) C I F (P k _ ro , r_i) ® S(m,n) ro . This is seen as follows. 

Let W e = P fc and, for any Nw,w e 0) e M p ^ r ) = N w>Wg (End<H g (V F (m\n)® r )), 
write by Lemma [3.31 

-/Vw,iy fl (a) = ^ N w p ,w g i nw p O~d-iaTd). 
dev gp 

If we put W a = D W p = W a , „ x W a(0) , where is a composition of pi for 

1 = —1, 0, then 

End w a (VF(m|n)® r ) = End Ma(i) (V F (m|n)® r - 1 ) ® End Wa(o) (V^(m|n)® roi ). 

So there exist a^d) G End^ Q . (yp(m|n)® Pi ) such that Td-iaTd = a_i(d) <g> a (of). 
Hence, 

dev ep 

If P fc _ ro < w ■?«(_!), then P a(0) < w P ro _i and so J r *(A^ H / po>V y Q(o) (a (d))) = 0. Hence, 
M^Vw;Wfl(a)) = ^ ^VpWo^d^-iM) ® F*( N w P0 ,w a(0) (a (d))), 

d£T) gp 
P k-T =W P c, ( _ i:i (d) 

which is in I F (P k _ ro , r_i) <g> S(m,n) ro . 

We now prove the surjectivity. By the proof of Lemma I9.5[ every basis element 
^(-D^Dd-i®^),^)* uiI F {P k -r ,r-i)®S{m,n) ro has a pre-image a£ Ad . Let P Adf> 
be the maximal /-parabolic subgroup of W x fl W p . Then the same proof shows that 
P\dnn —w Pk-ro x Pro where P k - ro is conjugate to the maximal Z-parabolic subgroup 
of W^ -1 fl W^^y < ©r_i- Hence, x* Ad G I F (P k ,r), proving the surjectivity. □ 

Corollary 10.6. Maintain the nation above. For f G TZ r , let p = p^,8 = 9? be defined 
in (110.3. II) and let k > ro with kl < r. Then 

<j )p {I F {P k ,r))=^ p {I F {P k ,p)). 
Proof. If r = si + t with < t < I, r < k < s, then one sees easily that 

s—k 

I F (P k , p) = I F (P k -r , r -i) ® S F (m\n, r l) + ^ I F (P k _ ro+i , r_i) <8> I F {P ro -i, r l). 

i=i 

Hence, ip p (I F (P k , p)) = ip p (I F (P k - ro ,r-i) <S> S F (m\n, TqI)) and, by Lemma [10. 5[ 
r -(/ F (P fc ,r)) = I F (P k - ro ) ® S(m,n) ro = if) p (I F (P k _ ro , r_ x ) <8> <S F (m|n, r Z)). 
Hence, the assertion follows. □ 
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Applying the Brauer homomorphism (f>? to the filtration (16.6. lft gives rise to a 
filtration of ideals of S F {m\n, r): 

C I F (P ,f) C I F (P 1 ,r) C • •• C I F (P s - ro ,r) = S F (m\n,r). (10.6.1) 

Like Definition 110.11 we may use this sequence to define the defect group D(e) of 
a primitive idempotent e of S F (m\n, f). In particular, a primitive idempotent e G 
S F (m\n, r) has the trivial defect group if e G I F (Po,f). 

Theorem 10.7. Let e,e' be idempotents S F (m\n,r) . Suppose e is primitive with 
defect group D(e) = P^. Suppose f = (r_i,r ) G lZ r and P? < w D(e) (so r < k). 
Then 

<pp(eS F (m\n,r)e') = <pp(e)S F (rn\n,r)(pf{e') 

and 0f(e) is also primitive with defect group Pk- ro - In particular, if D(e) = Pp, then 
(j)f{e) has the trivial defect group. 

Proof. The first assertion is clear since (p? is an algebra homomorphism and S F (m\n, f) 
is the homomorphic image of S F (m\n,r) under <f>?. 

To see the last assertion, we first notice that </y(e) ^ by Corollary 110.31 Since 
e is primitive, eS F (m\n, r)e is a local ring. Applying the surjective map 0^ to this 
local ring yields that </y(eiSp(m|n, r)e) = 4>f(e)S F (m\n, r)<f>?(e) is also a local ring. 
Hence, <f>?(e) is a primitive idempotent in S F (m\n, r) and <p?(e) G I F (Pk- ro ,r)- The 
fact D((j)ff(e)) = Pk~r ls cl ear from Isomorphism Theorems for ring homomorphisms, 
since ker(0^) = /p(P ro _i,r) C I F (P k ,r) for all k >r . □ 

11. Classification of irreducible S F (m\n, r)-MODULES 

We first interpret the algebra 5i?(m|n,r) as an endomorphism algebra of a certain 
tensor space. By ( 110.4. 2ft and the commutative diagram (110.4. II) . we obtain for r = 
(r_i,r ) and p = (r_i,r /) 

S F (m\n, r) = ip p (S F (m\n, p)) = S F (m\n, r_i) <S> <S F (m\n, rol), 

where <S F (m\n, r l) := S F (m\n, (0, r )) = ^(mjn, r l)/I F (P ro _ 1 , r l). 
On the other hand, taking the dual of the Frobenius map 

J 7 !^ : A(m,n) ro — > A q (m\n,r l) 

induces an algebra isomorphism 

ro 

S F (m\n, r l) = ^^(S(m, i) <S> S(n, r — i)) = S(m, n) ro . (11.0.1) 

i=0 

Recall the even part V F (m\n) and the odd part V F (m\n)i of the superspace 
V F (m\n). Fix ro > and define the subspace: 

(V F (m\n)® n % = 0(Vp(m|n) o )® i <g> (V K (m|n) 1 )® r °- i . 

i=0 
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This is called the "Levi part" of V F (m\n)® r ° . Let the product of symmetric groups 
<5{i,...,i} x ©{i+i, ..., ro } ac t on the summand (V F (m\n) )®' 1, <S> (V F (m\n)i)® ro ~ % by place 
permutation for and signed place permutation! for <5{j +li ... jro }. In this way, 

putting 

ro 

(&r )L ■= Y[{&{l,...,i} X 6{ i+ l,..., ro }), 
i=0 

{V F (m\n) ls>ro )i, becomes an ((5 ro )L-module. Now, the RHS of fll 1.0. If) can be inter- 
preted as the endomorphism algebra End(6,. ) L ((Vp(m|n)® ro )L) so that we have an 
algebra isomorphism 

S F (m\n,r l) = End {6ro)L ((V F (m\nf r °) L ). (11.0.2) 
In general, for r = (r_i,r ) G TZ r , let 

V F {m\n) m := Vpimln)^- 1 ® {V F {m\n)® r °) L 

ro 

= V F {m\n)® r - 1 ® {V F (m\n) Q ) m g> (VH^Wi)^ ^- 

Let F((3 ro )L be the group algebra of (& ro )h and let 
H P :=H F (& r ^)®F(& r X 

ro 

= H F {& r ^) ® ;; ® F© {i+li ... >ro} . 

i=0 

Then 

ro 

S F (m\n, r) = S F (m\n, r_i) ® S^m, 2) eg) S^n, r — 2) 

^ End Hft {V F {m\n) m ). 

If e G S F (m\n, f) is a primitive idempotent, then there are primitive idempotents 
e_i G iSi?(m|n, r_i), eo®ei G S^m, i)®S(n, r —i) for some z such that e = e_i<g>eo<E>ei. 
By Lemma [10.51 D(e) = D(e^i). We need the following result. 

Lemma 11.1. (a) Let e,e' be the idempotents of S F (m\n,r) with e primitive and 
D(e) = P? for some f— (?"_!, r ) G IZ r . Then 

V F {m\nf r e \ V F (m\nf r e if and only if V F {m\nf%{e) | V F {m\nf%{e'). 

(b) If ' e G S F (m\n, f) is a primitive idempotent with D(e) = 1, then e is equivalent 
to <pr{e') for some primitive idempotent e' G S F (m\n, r) with D(e') = P?. 

(c) Let e be a primitive idempotent of S F (m\n,r) . If D(e) = 1, then V F (m\n)® r e 
is a projective indecomposable 7i F -module. 

3 In the Appendix, we will see that the signed permutation is naturally induced from the original 
Hecke algebra action. 



42 



JIE DU, HAIXIA GU AND JIANPAN WANG 



Proof. With Corollary 110.31 Theorem 110.71 and Lemma I10.5[ the proof for (a) and 
(b) is standard; see [T9j 4.1]. So we omit it. 

(c) By Theorem 110.21 the vertex of Vp{m\n)® r e is D(e). If T^F-module M has the 
trivial vertex, then Higman Criterion in Lemma 13.7( a) tells that M is a projective 
Hp- module. □ 

Let A + (r) (resp. A + (N,r), A^ (r)) be the set of partitions (resp., partitions with 
at most N parts, /-regular partitions) of r. (A partition is called /-regular if no part 
is repeated / or more times.) For each f— (r_i,r ) G lZ r , let 

v = J A ^rc g ( r )> if r o = 0; 

1£1 {(\^V) I A G A^ reg (r-0>e e A + (m,i),r/ G A+(n,r -i)}, if r > 

P r = |J TV- (11.1.1) 



and let 



Let E£ (resp., i?i) be the set of nonequivalent primitive idempotents with defect 
group P? (resp., the trivial defect group) in Sp(m\n, r) (resp., Sp(m\n, r)). Set 

Er = |J K 

r£lZ r 

to be the set of nonequivalent primitive idempotents of <Si?(m|n, r). 

Theorem 11.2. Assume m + n > r. 

(1) For each r G T£ r , £/ie Brauer homomorphim 0^ induces a bijection between the 
sets E r r and El. 

(2) There is a bijection ir : El — > V?. 

Hence, there is a bijective map tc from E r to TV- 

Proof. For statement (1), let E r r = where = (f)?. By Theorem I10.7[ every 
element in E r r is primitive with the trivial defect group. Thus, we may regard E r r as 
a subset of El and consider the map : E r r — >■ El. By Lemma 111.1( a) we see that 
is injective, and by Lemma fl 1.1( b). we see that is surjective, proving (1). 

We now prove (2). Pick e G El. Then D(e) = 1 and there exists % G [l,To] 
and primitive idempotents e_i G <Si?(m|n, r_i), e G S(m,i), and ei G S(n,ro — i) 
such that e = e_i ® e ® ei. Since D(e_i) = -D(e) = 1, by Lemma 111.1( c). 
VF(m|n) r - 1 e_i is a projective indecomposable T/^-module, where = Hj?(S r _ 1 ). 
Since the PIMs of ?/ r ._ 1 are labelled by A^" reg (r_i) (see [6]), e_j determines a unique 
A G (r_i). Similarly, idempotents e and ei determines irreducible S(m,i)- 
module L(£) and S(n,ro — z)-module L(r/), respectively, where £ G A + (m,i) and 
?7 G A + (n,r — i). Hence, e determines a unique triple (A, £, rf) G TV and, putting 
7r(e) = (A, £,77) defines a map 7r : — > TV- It is clear that 7r is injective. 

For the subjectivity, we assume that m + n > r. In particular, m + n> r_i. Thus, 
T-Lp{& r _^j is a direct summand of the tensor space Vi?(m|ri)® r - 1 . Thus, for every 
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triple (A, £,77) G TV, the PIM Qa of "H r _ 1 corresponding to A is a direct summand 
of the tensor space. Hence, there is a primitive idempotent e_i such that Q\ = 
VF(m|n) (g,r " 1 e_i. Similar, there exists primitive idempotents eo,ei such that 

(V F (m\n) ) & e = and (V f -(m|7i)i)® r °- i ei = L(r/), 

where L(£) (reps., £(77)) is the irreducible S(m, 7)-module (reps. S(n, r — 7)-module) 
with highest weight £ (reps., 77). Hence, 7r(e_i Cg>eo <8> ei) = (A, £,77) and 7r is surjective. 

□ 

For each e G £7 n if 7r(e) = (A, £,77), define 

-^g(A, £,77) = <Sir(m|n, r)e/Rad(iSir(m|77, r)e). 
When 7r(e) = A G A^ reg (r), we write L q (X). 

Corollary 11.3. Assume m + n > r . 

(1) The set {P(A, £, 77) | (A, £,77) G TV} forms a complete set of non-isomorphic 
irreducible S F (m\n,r) -modules. 

(2) J/ (A, £, 77) G TV 7^7i/i > 1, then the «Si?(m|n, r)-module L q {\) ® L(£) g) L(?7) 
becomes an Sp{m\n 1 r) -module by inflation and we have 

L 9 (A,£,77)^L 9 (A)®L(£)®L(77). 

Remarks 11.4. (1) Each element of TV can also be regarded as a pair (P, Q) where 
P is an /-parabolic subgroup and Q is a PIM of the quotient algebra defined by P. 
Equivalence classes associated with an equivalence relation on all such pairs play the 
role of "weights" as described in Alperin's weight conjecture. 

(2) If we know the classification of all primitive idempotents with the trivial defect 
group in Sp{m\n, r) and label them by A r , then the condition m + n > r can be 
removed by replacing the set A^ reg (r_i) by the labelling set A r _ x . 

Moreover, when m + n < r, the classification can possibly be obtained by the Schur 
functor: 

S* e : S F (m'\n, r)-Mod — > S F (m\n, r)-Mod, M 1 — > eM, 

where m! > m, n' > n, m! + n' > r, and e is given in Remark 12.51 See [SI 6.5] for the 
Schur superalgebra case and Appendix II for a comparison. 

(3) Though our approach didn't offer a construction for irreducible modules, the 
tensor product structure shown in Corollary 111.3( 2) reduces the problem to the con- 
struction for /-restricted partitions. 

(4) If r < /, then every idempotent e G iSp(m|n, r) has the trivial defect group and 
defines a PIM of the Hecke algebra H, F . Thus, there is a bijection between the PIMs 
of "Hi? and the non-equivalent primitive idempotents in Sp(m\n, r) where m + n > r. 
This is the semismple case similar to the situation described in Proposition 12.61 
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In the classical (i.e., non-quantum) case, Donkin gave a classification of irreducible 
Sk(m\n, r)-modules under the assumption m,n > r, where k is a field of a positive 
characteristic p. We end this section with a comparison. 

Assume now m,n > r. Let Sk{m\n, r) = S(m\n, r) ®z k be the Schur superalgebra 
obtained by specialising v to 1. By [TJ (3)], non-isomorphic irreducible Sk{m\n,r)- 
modules are in one-to-one correspondence with the set 

{(A,//) G A + x A + | r = \X\+p\fi\}, 

where A + denotes the set of all partitions. Clearly, this set is the same as the set 

V' r = {(t, v) I t G A + (s), v G A + (t), s, t G N, s + Zt = r}. 

With the assumption m,n > r and taking Z = p, the set V r defined in (jll.l.ip has 
the form 

V r = {{\£,v) I A 6 A^(r_i),e £ A + (i),)j e A + (r - 6 [0,r ], (r_i,r ) &K r } 
= {(A, £,77) I A G A+ reg (zU e A + (j), 77 G A + (k),i,j, k G N,i + Z(j + fc) = r} 

We claim that there is a bijective map g : V r V' r defined by setting g((A, £, 77)) = 
(\ L + l£,\ rf) for (A, £, 77) G P,., where /x 1 is the partition dual to /x. Indeed, for (A, £, 77) G 
P r , since A G A+(i),£ G A+(j),r/ G A+(/c), then A 1 + Z£ l G A+(z + Zj). Thus, 
(A 1 + Z£ l , 77) G V' r . So p is a map from V r to P^. For (ji,a,/3) G "P r , if (/i, a, /3) 7^ 
(A, £, 77), it is clear, by the fact that A and \x are Z-regular partitions, that (fi L +la 1 ', (3) ^ 
(X L + l(,\v)- Hence g is injective. For (r,u) G V' r , suppose r = (t 1 ,t 2 ,-- - ,r m ). 
Assume Tj = Xj + Ifij where < Xj < I, j — 1, • • • ,m. Set X L = (Ai, A2, • • • , X m ), fi L = 
(/it, f/,2, •■■ ,yU m )- Then (A,/i, z/) G and g(X,p,,i>) = (r,u). We have proved the 
claim. 

By the claim, we see that under the assumption m,n>r, our labelling set is the 
same as Donkin's labelling set. Thus, this shows that the quantum classification in 
the m, 77. > r case is a g-analogue of the classical classification. 

12. Appendix I: Brauer homomorphisms without Frobenius 

In §11, the isomorphism (11 1.0.21) was established by taking the dual of the Frobe- 
nius morphism. However, the Brauer homomorphism, originated from the group 
representation theory, has its own definition, see pm §3]. In this section, we provide 
a proof for (111.0.21) without using the Frobenius morphism. Note that this proof is 
much simpler than the proof for g-Schur algebras given in [TO]. We first look at the 
structure of SF(m\n,r l). 

Lemma 12.1. The algebra <Si?(m|n, tqI) has a direct sum decomposition into cen- 
traliser subalgebras 

r 

S F (m\n,r l) = Q)S F (m\n,r l)i. 

i=0 
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Proof. Let W = & ro i (i-e., we assume r = tqI). The maximal /-parabolic subgroup of 
W is unique and equal to P ro . By Theorem 15. 1\ Sp(m\n, r l) has basis 

B = { N w,w*r\wS e *M) I Z 1 ' A G A(m|n,r Z),d G T>° XfJ }. 

If the maximal /-parabolic subgroup P\dn^ of W 7 ^ D is not equal to P ro , then 
it must be conjugate to a parabolic subgroup of P ro -i and so ./V W ;w <1 nw (e^xd) G 
7jr(P ro _i, ro/). Thus, it suffices to look at the basis elements satisfying P\di> = Pr - 
Then P ro < W x fl W M . Since P ro is the unique maximal /-parabolic subgroup of 
W = & ro i, A and fi must be of the form 

A = IX' = (X[l, X 2 l, ■ ■ ■ , X m l | X m+1 l, ■ ■ ■ , X' m+n l) 

/J, — l/I — (fJ.il, fJ 2 l, ■ ■ ■ , fJ m l | fJ m +\l, ' ' ' , /An+nO) 

where A',// G A(m|n, r ) and d G A^e r j(-Pr-o)) the normaliser of P ro . Moreover, 
Ne rol (P ro ) = P ro x <5 ro , where & ro = & ro is the subgroup of & ro i generated by 

si = (1,Z + 1)(2,Z + 2) ••■(/, 2Z), 

s 2 = (l + 1, 2Z + 1)(Z + 2, 2Z + 2) ■ ■ ■ (2Z, 31), 

s ro _! = ((r - 2)Z + 1, (r - 1)Z + l)((r - 2)Z + 2, (r - 1)Z + 2) ■ ■ • ((r - 1)Z, r Z). 

Thus, d G I?L R & rQ . This together with the even-odd trivial intersection property 
forces by the uniqueness of P ro 

Pro = P\dnfi x PxdntM = Pfi(.°) x PfiW = P\m x P\W ■ 

(Here Pj^n« denotes the maximal Z-parabolic subgroup of W Xdn .) Hence, we must 
have P A (o) = P„(o) and P x w = P^m, and consequently, 

| A (0 > | = |^ (0) | = il and |A (1) | = = (r - i)l 

for some < % < r . This also forces that d must have a decomposition d = gZ g?i for 
some do G ^a^V ) H and cZi G PaWuW fl W", where 

W 7 ' = and W" = <3{i + i t ..., ro }, 

such that W 7 "^ = Wffa n W mW for i = 0, 1. 

Let C^,a be the image of iV^w^nw,, ( e »,\d) in 5 F (m|ra,r Z). Then <S F (m|n, r Z) has 
basis 23 = lQL j6», where 

S< = {Ca I A,/i G ZA(m, z) x ZA(n, r - z), d G V° X(1 n 6 ro }. 

Let «Si?(m|n, r Z)j be the subspace spanned by Bi and let 6j = ^A-|A(°)|=i/ Caa- Then 
1 = X]i=o e *' e * e i = for z 7^ j, and SF(m\n, r Z)j = ei<Sir(m|n, r Z)ej. Our assertion 
follows. □ 

Let 7l be the subspace of T = VF(m|n)® r spanned by tensors of the form 

v\---v\.v\.^---v\ (0<i<r ) 

Jl j! Jt-q v — — 
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such that 1 < jx, . . . , ji < m and m + 1 < j i+ i, . . . , j ro < m + n and let T-[ be the 
subspace spanned by the rest of the tensors so that T = 7l © 7Z- By looking at the 
action of elements in B on the quotient space we directly prove the following. 

Proposition 12.2. We have algebra isomorphisms: 

S F (m\n,r l) = End^n) = End {6ro)L (V F (m\n)^) L ). 

Proof. The second isomorphism is clear. Suppose Nw,w^(^^,\d) e & has image ( d x G B 
(y = \d fl ji). We first inspect the action of N WjWi/ (e^xd) on t> M : 

Since d = d d\ with d G T^\{o)^(o) HW and d\ G 'P'xw^w HW", it follows that (— l) d = 
(_1)*W0 = (_i)^ixi) = and ^ = ^ (o)dQ ^ (i)di . Also, 

since, for any x^xi £ V u H but xoXi ^ W x W", Vi XdxQxi G 7l and since l 2 \£(xo) 
and Z 2 |£(xi) for all x G W 7 and x\ G W, we have 

x xigD^nw M n(vi/' xw") 

xax-LEVvnW^nOV'xW") 

This formula allows us to define an action of ( d x on T/T{ by setting, for any v = lu' 
and y G V u fl <5 ro , 

xoxiev^nW^niw xW") 

where ^ = ^ + 7£ and ^ A = J2 x ^nw,n(WxW") x ~ le ^ XdX G E^e^TO- Finally, 
it is easy to check that the linear isomorphism 

h : S F (m\n,r l) — > End^Cft), C'a ^ & 
is an algebra homomorphism. □ 

13. Appendix II: a comparison with a result of Brundan-Kujawa 

In [3], Brundan-Kujawa obtained a complete classification of irreducible modules of 
Schur superalgebras for all m,n,r. Their approach is quite different. First, they used 
a construction of irreducible modules via Verma modules over the super hyperalgebra 
Uk of Q\,{m\n). Second, they used an isomorphism of the Hopf superalgebra and 
the distribution superalgebra Dist(G) of the supergroup G = GL{m\n) [H 3.2] and 
a category equivalence between G-supermodules and integrable [4-supermodules [31 
3.5] to obtain a complete set of irreducible G-supermodules. Finally, by determining 
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the polynomial representations of G and applying the Schur functor to Donkin's 
result, they reached an explicit description of the index set A ++ (m\n,r). We now 
show that, if m + n > r and I = p, then there is a bijection from V r to A ++ (m\n, r). 

There are a quite few ingredients in order to describe the set A ++ (m\n, r). Following 
[3], we identify A E A + (r) with its Young diagram 

A = E Z >0 x Z >0 | j < Xi} 

and refer to E A as the node in the ith row and jth column. Then the rim of 
A is defined to be the set of all nodes E A such that (i + l,j + 1) A. The 

p-rim is a certain subset of the rim, defined as the union of the p-segments. The first 
p-segment is simply the first p nodes of the rim, reading along the rim from left to 
right. The next p-segment is then obtained by reading off the next p nodes of the rim, 
but starting from the column immediately to the right of the rightmost node of the 
first p-segment. The remaining p-segments are obtained by repeating this process. Of 
course, all but the last p-segment contain exactly p nodes, while the last may contain 
less. 

Let J(X) be the partition obtained from A by deleting every node in the p-rim that 
is at the rightmost end of a row of A but that is not the pth node of a p-segment. Let 
j(X) = \X\ — \J(X)\ be the total number of nodes deleted. Clearly, for partition /i, u, 
j(fj, + pv) =j(ji). Let 

A + (m\n, r) = {X E A(m\n, r) : Ai > • • • > X m , X m+1 > ■ ■■ X m+n }. 

For A E A + (m\n,r), let t(A) = (A m+ i, . . . , A m+n ). Note that, if we use the notation 
A = (AW | A«), then t(X) = A«. 

We can now describe the index set A ++ (m\n, r) for irreducible modules of the Schur 
superalgebra: 

A ++ {m\n,r) = {X E A + {m\n,r) | j(t(X)) < X m }. (13.0.1) 

The functions J and j are also used to characterise the Mullineux conjugation. A 
partition A = (Ai, A2, • • • ) is called restricted if A^ — A^ + i < p for i = 1, 2, • • • . Let 
TZV(r) denote the set of all restricted partitions of r. The Mullineux conjugation is 
the bijective function Q3, 6.1], [17, 4.1]): 

N : UV{r) -> UV{t), X h-> M(A) = (j(A), j(J(X)), j(J 2 (X)), . . .). (13.0.2) 

We need another function. 

Let G = GL{m\n) and let T be the usual maximal torus of G ev := GL{m) x GL{n). 
The character group X{T) = Hom(T, G m ) is the free abelian group on generators 
e 1; • • • ,e m ,e m+ i, ■ ■ ■ ,e m+n . For A E A(m + n) := N m+ri , we will identify A with 
^™+ n \. e . g X(T). Denote by T> mj „ the set of representatives of the right coset of 
®m x & n in & m+n . 

Let Bi denote the standard Borel subgroup which is the stabiliser of the full flag 
associated with a fixed ordered basis (v±, . . . , v m+n ). For w E T> m ^ let B w be the sta- 
biliser of the full flag associated with (v w ^, . . . , v w ^ m+n )). With B w , define irreducible 
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module L W (X) for A G X(T); see [3, §2]. Then the relation Li(A) = L w (r w (X)) defines 
a bijective map 

r w :X(T)^X(T). 

In particular, if we take w to be the longest element Wi in D m ^ the first part of the 
following lemma gives an explicit formula for r Wl . 

Lemma 13.1 ([3, 6.3, 5.5]). (1) If r <m } n and A G HV{r), then r Wl (X) = y(M(A)), 
where y : 1ZV(r) — >■ A + (m\n, r) is defined by y(X) = Y^i=\ ^i £ m+i- 
(2) Assume r < M. Then 

A ++ (M\N,r) = {A G A + (M\N,r) | A M +i = ■■■ = X M+N = O(modp)}. 

In particular, for A G A ++ (M\N,r), if we write A = A + pX 1 such that A is p- 
restricted, then X° M+1 = ■ ■ ■ = X° M+N = 0. 

t j- ( 1 ■■■ m m+1 ■■■ m+n m+n+1 ■■■ m+2n\ -i-j 

Ijei U7 — ^ 1 ... m m+n+1 ... m+ 2 n m +l ... m + n J t l^m+n,n- 

Lemma 13.2. Assume r < m + n. If A = A + pA 1 G A ++ (m + n|n, r) with A 
p-restricted and t(A°) = (A^ +1 , • • • , A^ +n ), i/ien 

r.(A) = ^A^; + ^(M(t(A°))) l + pA . 

i=l i=l 

Proof. Set M = m + n and N = n. Then w is the u>i with respect to the subgroup 

<5{m+l,...,m+n} X @{m+n+l,...,m+2n} ^ 6{m+l,...,m+2n}- Note that, first, t(X°) IS also p- 

restricted and r < m + n implies |t(A°)| < n; second, by Lemma [13. 1( 2). A° , n+i = 
for i = 1, ■ • • , n. Thus, applying [3[ Lem. 4.2] and Lemma [13.11 yields 4 ! (noting 

(H32L2D) 



In fact, we apply O 4.2] repeatedly to the sequence of odd roots 

£m+n £?n-\-n-\-l; £m-\-n— 1 ^m+Ti+l) ' ' " ? ^TTi+1 £ m+n+1 1 
£771+71 £"m+n+2? £m+n— 1 £m+7i+2) ' * ' j £m+l — £m+n+2j 



^m+TT, £"m+2n; ^m+n — 1 ^m+2n? ' * 3 ^m+1 £m+2n- 



and follow the proof of [31 6.3]. 
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m n 

r w (X) = r w (\°) + pX 1 = ^(A )^ + '^2j(J i ~ 1 (t(\°)))e m+n+i + pX 1 



t=l i=l 

n 



= ^(A )^ + S( M (*( A °)))i e m+n+i +PA 1 , 
i=l i=l 

as required. □ 

Define r : A(m|n, r) — » A(m + n|n, r) by setting r(A) = (A^,0, ••• , 1 A*- 1 -* ) . Let 
T A(m|n,r) := r(A(m|n, r)). 

Theorem 13.3. Assume r < m + n and I = p. Let w G T> m + n ,n fre t/ie same one m 
Lemma \13.S[ Then there is a bijection from V r to T A ++ (m\n, r). 

Proof. We first define a function 

h : V r — > A ++ (m + n\n, r), (A, £, 77) i — )■ (A 4 + p^|pr/). 

By Lemma 113.1( 2). h is well defined and is injective. Since A is p- regular, so is 
£(A) = (A TO+ i, • • • , X m+n ). Thus, M(t(A) 1 ) is also p-restricted and |t(A)| < n since 
r < m + n. By Lemma [13.21 

m n m n 

T w (h(X, /i, 0) = + M (*W)i £ m+n+i + pQj & e » + ^ £ ™+n+»)- 

i=l i=l i=l i=l 

So r w (h(X, fi,(,)) G r A + (m|n, r). Now, by the proof of [3J 6.5], 

T A ++ (m|n, r) = r w (A ++ (m + rain, r)) R T A + (m|n, r) 

= {|i£ T A (m|n, r) | r w (/i) G A (to + n\n, r)}. 

Hence, r w (h(X, fi, £)) G r A ++ (m|n,r) and r w o h defines an injective map 

r w o h : V r — > T A ++ (m\n,r). 

We now show that r w o h is surjective. For n G r A ++ (m|n, r), write r~ 1 (/i) = 
(/! (0) |/i (1) ) G A ++ (m|n,r) and yfV = /j^^+pfx^' 1 with u^- p-restricted. By fll3.0.ip . 
j(f^) < Mm ( an d so < n). By (113.3.11) . ^(n) G A ++ (m + n|n, r). This element 
is computed in the proof of [3j 6.5] (noting (I13.0.2P ): 



r.'w = 5>*i + X>'( ji ~W 1)i0 )))^-h +pX> (1),1 )^+«+* 

i=l i=l i=l 

m n n 

= J^u^ + ^M(/i (1) '°)i£ m+i +p^2(fi {1) ' 1 ) i e m+n+i . 

i=l i=l i=l 

Then A := (r^)) (0) = £™ =1 + TJU M(^%e m+i , (r^V)) (1) = p^K Since 
jJXlfi is p-restricted, M^ 1 )' ) is p-restricted. Hence, if we write 

A = A°+pA\ 

where A is p-restricted, then X l m+k = 0,k = 1, • • • , n. Set d = (A 1 ). Removing 
the n zeros at the end of A 1 produces a partition in A + (m, d). Thus, we obtain a 
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triple ((A )', A 1 ,/^ 1 )' 1 ) e V r such that r w o h((\ ) 1 , A 1 , fi^' 1 ) = /x, proving the desired 
surjectivity. Therefore, r w o h is a bijection from P r to r A ++ (m|n, r). □ 
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